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INEQUALITY

Introduction: An inequality is a mathematical reletion, which holds between two
numbers. In this chepter we would like to discuss about the inequality of real numbers.
Low of Trichotomi states that for each pair of real numbers a, b exactly one of the
following relation holds:

a<b, a=b, a>b. Among this relations a<b and a>b are called inequalities. If a<b or a=b
holds, then we write a <b, which means that a is less than or equal to b. Similar result
holds for a>b. If a<b and a>b, then by Low of Trichotomi a must be equal to b,
i.e.,a=b.

We have some standard inequalities which have important role in the study of pure
mathematics. Some of them are Holder's inequality, Minkowskis inequality, Cauchy-
Schwarz's inequality, Weierstrass's inequality etc.

Q1. If a,b,c be all real numbers prove that a?+b?+c?>ab+bc+ca.

©.a’+b’ +c2—(ab+bc+ca):%{(a—b)2+(b—C)2+(C—a)2}ZO

Since each term is non negative. Therefore a®+b®+c? >ab+bc+ca, the equality
occurs when a=b=c.
Q2. If a,b,c be all positive real numbers, prove that

a’+b? Db’*+c? c?+a’
+ +

a+b b+c c+a

@) .(a+b)2+(a—b)2 =2(a2+b2)

Therefore, 2(a”+b?)>(a+b)’, the equality occurs when a=b.

>a+b+c.

2 2
a‘+b Za+b

or, , since a+b>0.
a+b
. b2+c®_b+c c?’+a’_c+a
Similarly, > : > :
b+c 2 c+a 2
2 2 2 2 2 2
a‘+b b +c c‘+a
Hence, + + >a+b+c.
a+b b+c c+a

The equality occurs when a=b=c
Q3. If a,b,c,d be all real numbers greater than 1, prove that

(a+1)(b+1)(c+1)(d +1) <8(abcd +1).
©.(a-1)(b-1)>0 since a-1>0,b-1>0.

or, ab+1>a+b
or, 2(ab+1)>ab+1+a+b=(a+1)(b+1)

Therefore (a+1)(b+1)<2(ab+1)....... (i)
Similarly, (c+1)(d +1)<2(cd +1)....... (ii)
Now, ab>1cd >1.
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Using(i), we have (ab+1)(cd +1)<2(abcd +1)......(iii).
Hence, (a+1)(b+1)(c+1)(d+1)<4(ab+1)(cd+1),by (i) and (ii);
and 4(ab+1)(cd +1)<8(abcd +1), by (iii)
Therefore (a+1)(b+1)(c+1)(d+1)<8(abcd +1)
Q4.1f a,b,c,d be all real numbers less than 1, prove that
(a+1)(b+1)(c+1)(d +1) <8(abcd +1).
©.(a-1)(b-1)>0 since a-1<0,b-1<0.
or, ab+1>a+b
or, 2(ab+1)>ab+1+a+b=(a+1)(b+1)

Therefore (a+1)(b+1)<2(ab+1)  ...(0)

Similarly, (c+1)(d+1)<2(cd +1)......... (ii)

Now, ab<1cd <1.

Using(i), we have (ab+1)(cd +1)<2(abcd +1)......... (iii).

Hence, (a+1)(b+1)(c+1)(d+1)<4(ab+1)(cd+1),by (i) and (ii);
and 4(ab+1)(cd +1)<8(abcd +1), by (iii)
Therefore (a+1)(b+1)(c+1)(d +1)<8(abcd +1)
Q5. If a,a,,...,a, be n positive real numbers in ascending order of magnitude, prove
a’+a,’+.+a’
a,+a,+.+a,

that a, < <a

n-*

©. Let a,a,,...,a, be n positive real numbers in ascending order of magnitude. Then
we have a, <a, <..<a,....(1)
a(a,+a,+..+3,)=a’°+aa,+aa,+..+a3,<a +a, +..+a," by (1).
a’+a’+..+a’
a+a,+.+3a,

Therefore a, < ...(2)

Again a,(a,+a, +..+a,)=a,a, +a,a, +..+a,° >a’°+a," +..+a,” by ().
a’+a’+..+a’
a,+a,+..+a

Therefore

>a ...(3)

n

a’+a’ +..+a’
a+a,+.+a,
Q6. If a,,a,,...,a, be n positive real numbers, not all equal, and p,, p,,..., p, be positive
PR Pd, .t PG,
P+ P+t P,

<a,.

n

Combining (2) and (3) we have, a, <

real numbers, prove that min(a) <max(a).
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©. Let a,8a,,...,a, be n positive real numbers, not all equal and min(a)=m,
max(a)=M . Thenhe have m<a, and a <M for i=12,...,n. Not all of them are
equalities.
min(a)(p,+ P, +...+ Py ) = PM+ P,M+...+ p,M < p,a, + P,a, +...+ P,a, .
P+ pa .+ P, ()

P+ P+ P,
Again max(a)(p,+p,+...+P,)=PM + p,M +...+ pM > p,a, + p,a, +...+ p,a, -

Therefore min(a)

p1a1+ p2a2 +..F pnan < maX(a) (2)
P+ P+t P,

Combining (1) and (2) we have, min(a)

Therefore

< p1a1+ p2a2 +..+ pnan
P+ P, +...+ P,

<max(a)

Q7. If a,b,cbe real numbers prove that (a+b—c)2 +(b+c—a)2 +(c+a—b)2 >ab+bc+ca
© : Clearly (a+b—c)2+(b+c—a)2+(c+a—b)2 :3(a2+b2+cz)—2(ab+bc+ca)
Again (a2+b2+c2)—(ab+bc+ca):%[(a—b)2+(b—c)2+(c—a)120

So, (a*+b*+c?)>(ab+hc+ca)

Therefore (a+b—c)2 +(b+c—a)2 +(c+a—b)2 >3(ab+bc+ca)—2(ab+bc+ca)
:>(a+b—c)2+(b+c—a)2+(c+a—b)2 >ab+bc+ca.

Q8. If a,b,c be positive real numbers such that the sum of any two is greater than the

third, prove that a’(p—q)(p—r)+b*(q—p)(a—r)+c’*(r—p)(r—q)=0 forall real

p.q,r.

© . Let a,b,c be positive real numbers such that the sum of any two is greater than the
third. Then we have a+b>c, b+c>a, c+a>b. Therefore, —¢? > —(a+b)’.

a*(p-a)(p-r)+b*(a-p)(a-r)+c*(r-p)(r-a)
Zaz(p—r+r—q)(p—r)+b2(q—r+r—p)(q—r)+(a+b)2(r—p)(r—q)
=a’(p-r)’ +b?(q—r)"+2ab(p-r)(q-r)

:{a(p—r)+b(q—r)}220.

Therefore, a*(p-q)(p-r)+b*(q—p)(q-r)+c*(r—p)(r-q)=0.

Q9. If a,b,c be positive real numbers such that the sum of any two is greater than the
third, prove that a*yz +b®zx+c’xy <0 forall x,y,z such that x+y+z=0.

© . Let a,b,c be positive real numbers such that the sum of any two is greater than the

third. Then we have a+b>c, b+c>a, c+a>Db.
X+y+z2=0=>z=-X-Y.
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a’yz +b?zx+c?xy < —(a2y+b2x)(x+ y)+(a+b)2 Xy
=—a’y’ —b*x* + 2abxy = —(ay—bx)2 <0.

Therefore, a’yz +b?zx+c*xy <0.

Q10. If n be a positive integer >3, prove that (n!)2 >n".

© . Let r be a positive integer such that 1<r<n, n>3.
Then (r—1)(n-r)>0 and therefore, we have r(n-r+1)>n.

Taking r=2,3,...,n—1 successively and multiplying, we have

{(n—l)!}2 >n"?
Multiplying both sides by n? we have, (n!)° >n".
Q11.If a,b,c be the sides of a triangle and not all equal, show that
1 ab+bc+ca
2 a’+b’+c?
©. Since a,b,c are sides of a triangle, therefore we have
a,b,c>0 and a+b>c,b+c>a,c+a>b.From these we have
c(a+b)+a(b+c)+b(c+a)>a’+b*+c?

<1.

g abtbctca 1 1)

e 2 T
Again, since a,b,c distinct real numbers. So, we have
(a-b)’ +(b—c)’+(c—a) >0 ie, a’+b’+c?>ab+bc+ca

ab+bc+ca
o, —<1 ... 2
a’ +b® +c? @)
From (1) and (2) we have,
1 ab+bc+ca
S <L
2 a“+b"+c
Q12. If a,b,c be all positive real numbers, not all equal, prove that
(i) 2(a’+b° +c®)>a*(b+c)+b’(c+a)+c’ (a+b) > 6abc;
(i) b+c L.c+a a+b <1+l+1_
b2+c? c’+a? a’+b’ a b ¢’
... bc ca ab a+b+c
(iii) + + <
b+c c+a a+b 2
© : Let a,b,c be all positive real numbers, not all equal.

(i) Clearly a(a—b)* >0 or, a®+ab’>2a’%

Similarly, a®+ac® > 2a’c.
Adding we have, 2a®+ab’ +ac’ > 2a’(b+c) ...(1)

Similarly, 2b°+a’h+bc® > 2b*(c+a) ...(2)
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And 2¢® +a’c+b’*c>2c*(a+b) ...(3)

Since a,b,c are not all equal, not all of them are equalities.
Adding (1), (2) and (3) we have
2(a3+b3+c3)+a2(b+c)+b2(c+a)+c2(a+b)>2a2(b+c)+2b2(c+a)+2c2(a+b)
Or, 2(a’+b*+c®)>a*(b+c)+b?(c+a)+c*(a+b) ... (4)
Again (a—b)2 >0= a*+b*>2ab = a’c+b’c > 2abc

Similarly , b*a+c”a>2abc and c’b+a’b > 2abc

Since a,b,c are not all equal, not all of them are equalities.
Adding we get a*(b+c)+b*(c+a)+c’(a+b)>6abc... (5)

Combining (4) and (5) we get

2(a3+b3+c3)>az(b+c)+b2(c+a)+cz(a+b)>6abc;

(ii) Clearly (a—b)” >0.

a+b _a+b a+b 1 1

< = <—+—
a’+b?> 2ab ~a*+b® 2b 2a
Similarly,%£i+i;and S+a23i+i.
b*+c® 2b 2c c°+a° 2c 2a

Since a,b,c are not all equal, not all of them are equalities.

(a—b)2 >0=a’+b*>2ab=

. b+c c+a a+b 1 1 1
Adding we get B

gwed b’+c* c*+a® a*+b*> a b ¢
(iii) We know that
4ab:(a+b)2—(a—b)2:>4abs(a+b)2:a—bsa—+b

a+b 4
Similarly be §b+c and ca Sc+a_
b+c 4 c+a 4

Since a,b,c are not all equal, not all of them are equalities.
ca ab - a+b+c

+ +
b+c c+a a+b 2
Weierstrass’s Ineuality: If a,,a,,...,a, are all positive real numbers less than 1 and

s, =a,+a,+...+a,, then

1-s,<(1-a)(1-a,)..(1-a,)<

Adding we get

1+s,

And 1+s, <(1+a1)(1+a2)...(1+an)<l 5

Proof: (1-a,)(1-a,)=1-(a, +a,)+a,a, n
>1-(a, +a,)
Therefore (1-a,)(1-a,)(1-3,)>[1-(a,+a,)|(1-a,) since 1-a,>0

>1-(a,+a,+a,)
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Continuing this process upto n times we get
(1-a,)(1-a,)..(1-a,)>1-(a, +a, +..+a,)

In the same manner, (1+a,)(1+a,)...(1+a,) >1+S, oo (i)
Again 1-a’ <1

Therefore 1-a, < ,since 1+a, >0

1+a

Similarly 1-a, < senl—a, <

n

+a, 1+a,
1 < 1
(1+a)(1+a,)...(1+a,) 1+s,

Therefore (1-a,)(1-a,)...(1-a,) <

In the same manner

(1+a)(1+a,)..(1+a,)< L L

(-a)(-2,)-(1-a,) “1-s,
(i) and (i) we get 1-s, <(1-a,)(1-a,)..(1-a,)<

1+s,

compiling (ii) and (iv) we get 1+s, <(1+a1)(1+a2)...(1+an)<1 5

n

Cauchy — Schwarz Inequality:

If a,a,..,a;b,b,, .. b be all real numbers, then
(a?+a,+..+a7)(b”+b +..+b?) = (ab +ab, +..+ab,)", the equality occurs
when either

(i) & =0 for i=12,...,n; or b, =0 for i=12,..,n; or both a, =0 and b, =0 for
1=12,..,n;

or, (i) a; =kb, for some non zero real k,i=12,..,n.

Proof: Casel: If a, =0 for i=12,.,n; or b; =0 for i=12,..,n;o0r both a =0
and b, =0 for i=12,...,n; then the equality holds, each side being zero.

Case2: Let not all of a, and not all of b, be zero.

Sub-casel: Let a, =kb, for some non zero real k,i=12,..,n

Then (a’+a,’ +..+a,’)(b’ +b,’ +..+b?) =k (b’ +b,’ +...+an)2

and (ab, +ab, +..+ap,) =k (b2 +b2 +..+b?)
Therefore the equality holds in this sub case.
Sub-case2: Let (a,,a,,...,a,) and (b,b,,...,b,) be not proportional.
Let us consider the expression.
2 2 2 .
(a,—4b) +(a, - 4b,)" +..+(a,—4b,)", where 2 is real.
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For all real A, the expression>0. The equality occurs only when
a —Ab =0,a,-1b, =0,..,a,-1Ab, =0
le,when a, =4b, ,i1=12,..,n.
le,when a,a,,..,a;b,b,..Db,.
Therefore, in this sub-case
(ai—/’tbl)2+(a2—ib2)2+...+(an—;tbn)2>0 for all real A
or, (a1+a2+...+an)2—2&(a1b1+a2b2+...+anbn)+ﬂz(b12+b22+...+bn2)>0
or, BA*-2CA+A>0, where A=a’+a’+..+a,°
B=b’+b’+...+b}
C=ab+ab, +..+ab,
Therefore the roots of the equation Bx® —2Cx+ A=0 must be imaginary , because

otherwise, there would exist some real A for which the equality BA> —2CA+A=0
would hold, a contradiction.

Therefore AB > C?
or, (a12 +a)’ +...+an2)(b12 +b)? +...+bn2) >(ab, +ab, +..+ap,)’

are proportional.

Note: (i) In particular, if a,a,,...,a,;b,b,,...,b, be all positive real numbers, then
(a®+a,+..+a7)(b”+b +..+b) = (ab +ab, +..+ah,)", the equality occurs

a a
when 2% _ _%

_2_-||_ 0
b, b

n

(I {X.%,.... X, } and {Y;,Y,,.... ¥, } be two sets of positive real numbers, prove

sy Ap

Zn’,Xf ixi Y,
i=1 >

that l X >
Xy DY
i=1 i=1

Q13.If a,b,c,x,y,z be all real numbers and a® +b® +c* =1, x* +y*+1z° =1, prove that
—1<ax+by+cz<1.

0.

© : Let a,b,c, x,y,z be all real numbers such that a®+b*+c* =1, x*+y*+2° =1.
By Cauchy-Schwarz inequality we have, (ax+by +cz)’ < (a®+b%+c*)(x* +y* +2%).
That is, (ax+by+cz)” <1 or, -1<ax+by+cz<1.

Ql4.If a,a,,..,a;b,b,,...,b ;c,c,,..,c, be all positive real numbers prove that
(abc +abc, +..+abc,) <(a?+a +..+a7)(b>+b +..+b?)(c/ +c, +..+¢?)
©. Let d =bc,i=12,..,n.

Then by Cauchy-Schwarz inequality we have,
(ad, +a,d, +..+a,d,) < (al2 +a,’ +...+an2)(d12 +d,’ +...+dn2)

Page 7 of 22



Inequality/BB /05.12.19

(b12+b22+...+bn2)(cz+c2+...+c ) (b1 ?+..+b%c ) (b1 ,2C% +.. )
(b1 2+..+b%c ) since the 2" term is positive
=(d12+d2 +...+dn )
Therefore, (d,* +d,* +..+d,?) =b’c? +b,’c,” +...+b ¢}
<(b +b, +..+b)(c +¢,” +...+¢) since by,c; are all positive.
- (abc, +a,b,c, +...+anbn(:n)2 <(a12 +a,’ +...+an2)(b12+b22+...+bn )(cl +022+...+cn2)
Q15. If a,b,c,d are four positive real numbers, then prove that
(a*+1)(b* +1)(c* +1)(d* +1) = (abed +1)°

©. Since a*,b*1 are real numbers, therefore, by Cauchy’s inequality we have,

(a) +22{(07)" +27} 2 (a%" +1) e, (@' +2) (b +2) 2 (%0 1) .o (1)
Similarly, (c* +1)(d* +1) > (c’d’ +1)2 ..................... Q)
Combining (1) and (2) we have, (a“+1)(b“+1)(c“+1)(d“+1)2(a2b2+1)2(02d2+1)2
Therefore, (a*+1)(b* +1)(c* +1)(d* +1) > {azb2 (c*d? +1)} ............. (3)
Again, by Cauchy’s inequality we have, { (ab)’ + }{ 1}2(abcd +1) )
Using (4) in (3) we have, (a‘+1)(b*+1)(c* +1)(d* +1)> {(abcd +1)2}2=(abcd +1)".

Q16.If a,a,,a;;b,b,,b,;c,,C,,Cy;d,,d,, d, be all real numbers, prove that

(abc,d, +ah,c,d, +ab,c,d;) <(a +a, +a;*) (b +b,' +b*) (¢ +¢,' +c*) () +d,f +dyt).

Q17: If a,b,c,d be all real numbers, prove that

(a®+b*+c*+d?)(a® +b*)(c® +d*) > (abc+hbed + cda + dab)’

©: (a®+b*+c?+d?)(a’ +b%)(c* +d®) =(a’ +b? +¢* +d*)(a’c® +b’c’ +a’d’ +b’d?)

Then by Cauchy-Schwarz inequality

(a? +b° +c* +d?)(b%c* +a’d? +b’d* +a’c?)
2

(abc +bad +chd +dac)
Therefore (a2 +b?+¢? +d2)(a2 +b2)(c +d?)>

=

2
. . (¢c .
Q18. Prove that the minimum value of x* +y® +2z* is (ﬂ where X,y,z are positive real

abc +bed + cda + dab) .

numbers subject to the condition 2x+3y+6z=c,c being a constant. Find the values of
X, ¥,z for which the minimum value is attained.

©. Since, x,y,z are positive real numbers, therefore, by Cauchy-Schwarz’s inequality we

have, (2°+3°+6°)(x*+y*+2°) = (2x+3y+62)", the equality occurs only when 2:%:%.
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2
2x+3y+6z=c, .. X’ +y*+7° 2(;) . This shows that the minimum value of

=k (say).

2
X +y>+12° is [;j and this minimum value is attained only when %:

N | <
N

Now, from 2x+3y+6z=c we have, 49k:c:>k:%.Thus the minimum value is

attained when x——C,y—E @

49 49

Q19.Find the minlmum value of x*+y?*+z° where x,y,z are positive real numbers
subject to the condition 2x+3y+4z=c,c being a constant. Find the values of x,y,z for
which the minimum value is attained.

© . Since x,y,z are positive real numbers, therefore, by Cauchy-Schwarz’s inequality we

have, (22+32+42)(x2+y2+zz)2(2x+3y+4z)2,the equality occurs only when 2:%=§.
2
Since2x+3y+4z=c, X’ +y*+12° 2%.This shows that the minimum value of x* +y® +z°

2
is < and this minimum value is attained only when 5=X:5:k(say).
29 2 3 4

Now, from 2x+3y+4z=c we have, 29k:c:k:2i9.Thus the minimum value is

attained when x= C,y—3C @.
29 29 29

Tchebychev’s Inequality: If a;,a,,...,a,;b,b,,...,b, be all real numbers, then
(i)a1+a2+...+an .bl+b2+...+bn < ab +ab, +..+ab,

n n n
If &, <a,<..<a,and b <b,<..<b,;
Or,if a, >a,>...>2a,and b, >bh, >...>b,
(ii)aiJrasz...+an 'bl+b2 +...+Db, S ab +ab,+..+ab

n n n

If &, <a,<..<a ,and b >b,>..>b,;
Or,if a,>2a,>...>2a,and b <b, <..<b;

The equality occurs if either all a;’s are equal or all b, ’s are equal.
Theorem: If a,,a,,...,a, be n positive real numbers, not all equal, and p,q are rational numbers,

p+q p+q p+q p p p q q q
+a,"+...+a +a,’+..+a +a,'+..+a
then & 2 " sor< 2 n S+ n
n n n
according as p and g has same or opposite signs.
Q20: If a,b,c,d are all positive real numbers, not all equal, prove that

a’+b°+c®+d°>abcd(a+b+c+d)
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aP"?+b" 4 cP+d”? aP+b"+c”+d” a’+b?+ct+d? . :
© : We have 1 > 2 1 if p,q are rational

numbers of the same sign.

a’+b°+c°+d° . a*+b*+c*+d* a+b+c+d
4 4 ' 4

a*+b*+c*+d* PRIV
But n >,4/(a bctd ):abcd

Therefore a°+b°+c®+d°>abcd (a+b+c+d)

Arithmetic, Geometric and Harmonic Means:
Let a,a,,...,a, be n positive real numbers.

Taking p=4,q=1 we get

a+a,+..+a,

The arithmetic mean (A.M.) of the numbers are defined by and is denoted

by A.
The geometric mean(G.M) of the numbers is defined by {/aa,..a, and is denoted by G.

and is denoted by H.

The Harmonic mean(H.M) of the numbers is defined by T 1 n T
St
a8 @ a,
Theorem: If a,a,,..,a, be n positive real numbers and A G,H be their arithmetic mean,
geometric mean, harmonic mean respectively then A>G > H.

Hence prove that (1+A)" 2 (1+3,)(1+a,)..cconeen (1+a,)>(1+G)"

2 2 2 2
Proof: a,a, :(alzaz] —(algazj s(&zazj , since (Lzazj >0....... (i)

2
: a,—a .
The equality occurs when (1sz =0 ie, when a =a,

a, +a,

2
Similarly, a,a, g( ) , the equality occurs when a, =a,

2 2
a, +a
Therefore a,a,a,a, S(alzazj ( 3; 4j .................... (ii)
2
Bup 878 B8 (L8RS g ()

a+a, _a;+3,

The equality occurs when . Therefore

a,+a,+a;+a,
4

j from (ii)

%%%%S(

a,+a, _a;+a,

The equality occurs when a, =a,,a; =a,, 5

ie.when a =a,=a;=a,
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a; +a5 +a, +a,
4

4
Similarly, ajaga,a, s( j , the equality occurs when a =a,=..=3a,

8
Proceeding with similar arguments we have aa,...a, S(al+a2;...+a8j , the equality occurs

when a, =a, =...= ;.
Continuing thus, when n=2",where m is a positive integer.
a+a,+.+a,

a,a,..a, s( -

Let us consider the case when n is not a power of 2.Then 2™ <n<2™ for some
positive integer m>1.In this case there exists a positive integer p such that n+p=2".
Let us consider n+ p positive numbers a,,a,,...,a,,a,a,..,a where a is repeated p times
a+a,+..+a,

. :
Since n+p=2", by what we proved,

j , the equality occurs when a =a,=...=a,.

and a=

n+p
+a, +...+a, + pa .
a,a,..a.a" < el n P , the equality occurs when
n+p

a=a,=..=a,=a,i.e., when a =a,=..=a,

na+pa)
or, aa,..a,a’< P

n+p

or, a3a,..a,a”<a"" |

n
q+%+m+%J

n
or, aa,.a, <a =(

n
or, "jliJraer"'Hl”zwaiaz...an e, A>G ... (iii)
n
The equality occurs when a =a, =...=a,
Since, are positive , i L are all positive
A, 8, 8, a'a"a :
1 1 1
11 1. a ' a Ta
Now the arithmetic mean of —,—,...,— is 4 & ™ and the geometric mean of
a a, a, n
l,i,...,i is (l-i ij Therefore by previous result ,we have
8 a a, 8 a &
1 1 1
aa Ta (11 1
4 & &, 2(——...—} , the equality occurs when
n a8, a,

Page 11 of 22



Inequality/BB /05.12.19

l:i: =— ie,when a =a,=..=a
3 a . ”
1 n

or, (a1<';12...an)n2i T 1

a a &
i,e. G>H, the equality occurs when a =a,=..=8, ...c.ccccoevnrnrnnn. (iv)
Combining (iii) and (iv) we have, A>G >H, the equality occurs when a =a,=...=a,
2nd part; A=t :"'+a” ,G=J/a.a,.4,
1+A=(1+a1)+(1+a;)+"'+(l+a”)ZQ/(1+a1)(1+a2)...(1+an)
= (1+A) > (1+a)(1+a, ) (148, )errrirnnnnen (i)

Again (1+a)(1+a,)=1+(a,+a,)+aa,

= (1+a,)(1+a,)>1+2/aa, +aa, :(1+ aa, )2

Similarly (1+a,)(1+a,)(1+a,)=1+(a, +a, +a;)+(aa, + 3,8, + 8,3, ) + a,8,3,
= (1+a)(1+ az)(1+a3)21+3\/M+31/(a1a2a3)2 +2,3,3, :(1+ 3/@)3
Continuing this process upto n times we get
(1+a,)(1+a,)...(1+2,) > (1+Yfaa,.a, )
=(1+a)(1+8,)..(1+28,) = (1+G) oo (ii)

Combining (i) and (i) we get (1+A)" > (1+a )(1+a,)...(1+a,)> (1+G)’
Q21. If a,b,c,d be positive real numbers, not all equal , prove that

(a+b+c+d)(1+£+1+ij>16
a b c d

©: Let a,b,c,d be positive real numbers, not all equal. Applying A.M.>H.M. for a,b,c,d we

have a+b+c+d> 4
' 1 1 1 1
Sl sk
a b c d
or,(a+b+c+d)[£+1+1+lj>16.
a b c¢c d

Q22: If n>1, prove that (1+2+...+n)(1+%+...+%j>n2.

© : Applying A.M. > H.M. for the unequal positive numbers 1,2,...,n we have,
1+2+...+n n
“1 1
n 1+ =—+..+—
2 n
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Or, (1+2+...+n)(1+%+...+£j> n?.
n

Q23. Prove that 1 135 -l .
2Jn+1l 2 4 6 J2n+1
135 2n-1
©.Let u==-=-=- .
" 24 2n
1 2 3 45 6 2n-1 2n
Now, —<—, —<—,—<—,... <
2 3 4 56 7 2n 2n+1
Combining them,
135 2n-1 246  2n
246 2n 3 57 7 2n+1
246 2n
or, u,<—-—-—-
357 2n+1

Combining them,
357 2n+1 468 2n+2

g 2n-1\(2 4 6
246 on \357°"

2n+1 2n+2

> )
2n 2n+1

246 2n 357 2n+1

. (2n+1)u? =(2n+1)u, (2n+1)u, > 357 2n+l

246
Or, (2n+1)u, >+n+1
Or, u, > ,n+1 yn+l L (i)
2n+1 2n+2 2«/n+
From (i) and (ii) it follows that ——<—-——...
n+1 246

Q24. Show that (a3 +b° +c3)(

1 1 1]
—+—=+ >9.
a® b ¢

Inequality/BB /05.12.19

1

135 2n 1

:2n+1

468 2n+2
. =n+1
357 2n+1

<
NJ2n+1

© . Applying A.M.>H.M. for the unequal positive numbers a®,b*,c® we have,

a3+b3+c3> 3
3 1 1
a p

1

o, (a3 +b? +c3)(¥

Page 13 of 22
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Q25. Show that a* +b* +c* >abc(a+b+c).
© . Applying mth power theorem with m =4 for the positive real numbers a,b,c we
have,
a’+b*+c*
3

4
Z(a+:+cj , the equality occurs when a=b=c.

3
a+b+Cj (a+b+c)>abc(a+b+c),[Applying AM. >G.M. for

Or,a*+b*+¢* 2(
a,b,c], the equality occurs when a=b=c.

3 2
Q26. Show that (a+g+cj Za(b—zc) .

Q27. Show that — +b+C>3
b c a

© . Hints: Apply A.M.>G.M. for the positive real numbers

olU

abce
b'c'a
Q28. Show that (a’b+b’c+ca)(ab” +hbc? +ca®) = 9ah’c®.
© . Hints: Apply A.M.>G.M. for the positive real numbers a’b,bc,c’a and
ab®,bc?,ca’.
2 2 2 1
< + + <=
a+b+c a+b b+c c+a a

Q29. Show that % :

1
+=+
b

2

© . Applying A.M.>H.M. for the positive numbers 2 , , 2 we have,
a+b b+c c+a

2 2 2
a+b * b+c * cta s 3 3 , the eqlality occurs when
3 a+tb b+C c+a a+b+c 2 2 2
+ + = =
2 2 2 a+b b+c c+a
a=b=c.

i.e. when

Or, J < 2 + 2 + 2 , the equality occurs when a=b=c. ...(i)

a+b+c a+b b+c c+a
Applying A.M.>H.M. for the positive numbers a,b we have,

a+b > , the equality occurs when a=Db.
2 1 1
7+i
a b
Or, 2 <= 11 1 , the equality occurs when a=b.
a+b 2 b

Similarly, i< 1(1 1} and i< 1(1 E), the equality occurs when b=c and
b+c 2 c+a 2 a

c=a.

Adding, 2 + 2 + 2 ££+1+1 , the equality occurs when a=b=c... (ii).
a+b b+c c+a a C
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From (i) and (ii) we have,

J < 2 2 2 £1+%+1,theequalityoccurswhen a=b=c.
c

< + +
a+b+c a+b b+c c+a a
Q29. If x,y,z are positive real numbers and x+y+z=1, prove that

8xyz <(1-x)(1-y)(1-z)< %

©.1-x=y+z, 1-y=z+X, 1-z=Xx+Y.

We have y;rzz\/ﬁ, izxz\/ﬂ, X;yz\/x—y.

Therefore (y+2)(z+x)(x+y)>8xyz, the equality occurs when x=y=z
or, (1-x)(1-y)(1-z)>8xyz
Again let us consider three positive real numbers 1—-x1-yl1—z.
Applying AM.>G.M.,we have
(1-x)+(1-y)+(1-
3
1-x=1-y=1-z i, when x=y=z.

o, (37‘1}32(14)(1_ y)(1-2)

or, %2(1—x)(1— y)(1-2)

?) 23/(1—x)(1— y)(1-2), the equality occurs when

or, 8xyz<(1-x)(1-y)(1-z)< % the equality occurs when x=y=1z= %
Q30.If x,y,z>0 and x+y+z=1,show that the maximum value of
.8
1-x)(1-y)(1-2z) iIs —.
(1-0(-y)-2) i -
Q3L1. If a,b,c be positive real numbers such that the sum of any two is greater than the
third, prove that abc >(a+b—c)(b+c—a)(c+a—bh).

© . Applying A.M.>G.M. for two positive numbers a+b—c,b+c—a we have,

(a+b_c);(b+0_a)2\/(a+b—c)(b+c—a)

Or, bz\/(a+b—c)(b+c—a)
Similarly, cz\/(b+c—a)(c+a—b) and az\/(c+a—b)(a+b—c).

Therefore abc>(a+b—c)(b+c—a)(c+a—b), the equality occurs when
b+c-a=c+a-b=a+b-c,ie,when a=b=c.

o 1 3.7.11..(4n-1) 3
Q32.If n be positive integer, prove that < < .
Van+1 59.13..(4n+1) \V4n+3

© .If r be a positive integer , we have
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(4r+1)+(4r-3)
2
or, 4r—1>\/(4r+1)(4r—3)
4r—1> 4r -3
4r +1 4r +1
Taking r=123,...,n wehave

\[ \F 11 \F 4n-1_ /4n—3
9' 13 4n+1 4n+1 "
3.7.11...(4n-1)

5.9.13.. (4n +1) \/4n +1

Again , if r be a positive integer, we have

(4r_1);(4r+3) > Jar—1)(ar+3)

or, (4r+1)>/(4r-1)(4r+3)

4r+1> 4r +3
4r-1" \dr-1
Taking r=12,3,...,n. we have,

5 \ﬁ \/T \F 4n+l_ [4n+3
3°\V3'7 7 11 4n1 4n-1"
5.9.13...(4n+1)
Therefore, il > 4n+3
3.7.11.. ( -1) \" 3
or 3.7.11...(4n- 1) (
' 5.9.3. (4n+1) an+3’
1 3.7.11...4n-1 3

< <
Jan+1 5.9.13..4n+1 4n+3
Q33.If a,b,c be positive real numbers and abc =k?, prove that

(1+a)(1+b)(1+c)>(1+ k)3.
© .We have (1+a)(1+b)(1+c)=1+> a+> ab+abc
Now, Applying A.M.>G.M. for the positive numbers a,b,c and ab,bc,ca

b
%zifabc and Z‘Taz%/azbzc2
D> a=3k and > ab>3k?.
Therefore, (1+a)(1+b)(1+c¢)=1+3k+3k*+k®
ie, (1+a)(1+b)(1+c)2(1+k)3
Q34.1f a,b,c,d be all positive and abcd =k*, then prove that

> \J(4r +1)(4r-3)

Therefore,

or,

Therefore ,
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(1+a)(1+b)(1+c)(1+d)>(1+k)".
Q35.If a,a,,..,a, be all positive real numbers and aa,...a, =k" (k>0), prove

that (1+a )(1+a,)..(1+a,)>(1+k)".

Q36.1f x, >a>0 for i=12,..,n and (x,—a)(x,—a)..(x,—a)=k" (k>0), prove
that xx,..x, >(a+k)".

©. Let yy=x—a for i=12,..,n.Then y,>0 for i=123,..,n and
YiYo- Yo =K.

Now, XxX,..x,=(a+y,)(a+y,)..(a+y,)=a
Fo A Vi YoeYoa VYoV e, (1)

Applying A.M.>G.M. for the n positive numbers vy,,Y,,...Yy, we have

PR

1
. 2 (VYo Yy )n i€, DY =k

Again applying AM.>G.M. for the "c, positive numbers v,Y,,V,Ys,...we have,
1 2

Y1y n-1)ng - n n(n-1) \n(n=1) — n

chl 22 {(yeyn) e 2wy, 2 e, (K =, K
2

Similarly, > yy,¥s = "¢k oo, DY,V = "C KT
Therefore, from (1) we have,
XXX, = a" + "ca"'k+ "c,a" ’k’ +..+ "c,ak" " +k"=(a+k)
Q37.1f a,b,c are positive real numbers and abc =1 then prove that the least
value of (1+a)(1+b)(1+c) is 8.
Q38. If a,a,,..,a; be positive real numbers, prove that

a, +a, +..+3; 5> a +a, ) (a,+a, +a; )
5 B 2 3

: : . a,+a, a,+a, +a, . .
© .Hints: Consider two positive numbers 12 2,2 ?:‘ > with associated

+a"™ >y y, +a" i > vy,

n

weights 2 and 3 respectively.
Q39.If a,a,,..,a, be n positive numbers and a,a,, =1, then show that

n n-2
a+a,+..+a, S a+a,+..+a, _,
n n-2

a+a,+..+a,,
n-2

with associated

© .Let us consider the set a,a_,,a. where a=

111" n

weights (n—2),1,1 respectively.

. (n-2)a+la,,+1la i 1
Applying AM.>G.M. we get, . L>(a"“a, ,a,)
pplying g (N—2)+1+1 ( 1 )
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n n-2
+a,+..+a +a,+..+a :
or, (ai 2 “j 2(81 2 5 "‘Zj ,since a,a, , =1.
n n—

Q40.If a>0 but =1 and x, Y,z are rational numbers decending order of magnitude,
prove that a*(y—z)+a’(z—-x)+a’(x—-y)>0.

©. Since x>y>z,wehave x—y>0and y-z>0.
Let us consider two unequal positive numbers a*,a* with associated positive rational

weights y—z and x—y respectively. Then we have
X z 1
(y_ Z)a +(X_ y)a > |:ax(y—z)+z(x—y) :|E
X—2

Or, (y—z)a*+(x—y)a’ >(x—z)a’

Or, a*(y—-z)+a’(z-x)+a’(x—-y)>0.
Q41.If a be a positive real number, not equal to 1, and x,y are positive rational
a’-1_ a’'-1
X y
©.Since a>0, and #1, a*>0 and =#1.
Let us consider two unequal positive numbers a* and 1 with associated positive
rational weights y and x—y respectively.
ya +(x-y).1
X
Or, ya"+x-y>xa’
Or, y@"-1)>x(a’ -1
a*-1 a’-1
>
X y
Theorem: If a be a positive real number, not equal to 1, and m be a rational
numbers, then ~ a™-1>or<m(a-1), according as m does not or does lie

between 0 and 1.
Theorem: If a,a,,..,a, be n positive numbers, not all equal,and m be a

m m m
a"+a,"+..+a a+a,+..+a
2 "> or <( & n

numbers, then

if x>vy.

Then,

[ 4]

Or, , since x>0,y>0.

rational number, then
n n

does not or does lie between 0 and 1.
k=Tt Fq ppan & A

n k' k'
them are equal to 1.

m
j , according as m

Proof: Let

a .
?” are all positive and not all of

Let 1<i<n.Then (%j -1>or <m(%—1} accordingas m does not or does lie

between O and 1. The inequality reduce to an equality if %:1.
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Considering n such relations for i=1,2,3,...,n and noting that all of them are not

equalities , we have

(ij +(&) +...+(3j —-n> or <m(ﬁ+ﬁ+...+ﬁ—nj, according as m does
k k k k k k

not or does lie between 0 and 1.

' a,"+a, +.+a,"

O o —n> or <m(n-n)
m m m
+a," +...+a
or, & zkm "> o0r <n
a"+a," +..+a" a+a,+..+a )
Or, 2 > or <( 2" ”j , according as m does not or
n n

does lie between 0 and 1.

n+1 n
Q42. If n be a positive integer, prove that (1+i) >(1+1) :

n+1 n
. . 1 1 1 .
© . Letus consider n+1 positive numbers 1+=,1+—,...,1+=( n times)and 1.
n n n
n(1+1j+1 1 -
Applying A.M.>G.M. we have, —n>(1+—j
n+1 n

n+1 n
or, [n+1+1) >(1+£J
n+1 n

n+1 n
Or, [1+ij >(1+ i)
n+1 n
Q43. If a,b,c be unequal positive real numbers such that the sum of any two is greater
1 1 9
+ + > .
+Cc—a c+a-b a+b-c a+b+c
1 1
b+c-a'c+a-b a+b-c’

than the third , prove that

© .Hints: Applying A.M.>H.M. for unequal numbers

Q44. If a,b,c are positive real numbers and a+b=4, prove that
2 2
(a+1j +[b+1j 2§.
a b 2
1)? 1)?
©.(a+gj +[b+5j =(@*+b*)+(@*+b?)+4.

m m

a" +b

a+b\" . .
We have > or <[Tj , according as m does not or does lie between

0and 1.
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2
a;bj , the equality occurs when a=b.

2 2
Let m=2. Then a erb 2(

Or, a®+b?>8.

-2 2 -2
Let m=-2. Then a erb > (a;bj , the equality occurs when a=b.
2 . 1
Or, a“+b™>=.
2

2 2
Therefore [a+1) +(b+lj 24+8+£:§.
a b 2 2
Q45.1f a,b,c be positive and a+b+c=1 prove that
2 2 2
(a+1j +(b+1j +(c+£j > 331.
a b C 3
Q46. If a,b,c be three positive real numbers in harmonic progression and n be a

positive integer greater than 1, prove that a"+c" >2b".
© .Since a,c are unequal positive real numbers and n>1,

a"+c" >(a+cj“ 0

2 2

Since a,b,c are in H.P., 1+ Z
a b

But

_ _ -1
at+ct (a+c ) .
5 > 5 , since a,c are unequal positive real numbers.

-1
Therefore, 1 > a+c ,1.e., (ﬂj >b.
b 2 2

Therefore from (i), a" +c" >2b".
Q47.1f x,y,z are positive real numbers such that x* +y? +z° =27 show that

X +y*+2°>81.
®© .Hints: Apply m™ (m =g)power theorem for the numbers x°,y?,z?
Q48. If a,b,c be positive and a+b+c=1, then show that

o2

Q49. If a,b,c,d be four positive real numbers and a+b+c+d =s then show
that

(i)B1abet <(s-a)(s-b) (s ~c)(s-0) <

16 3 3 3 3
( )— + +
S s a s—b S—cC s—d

1 1 1
a b c¢

1
+_
d
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© .(i)Let us consider four positive numbers (s-a),(s-b),(s-c),(s—d) and
apply AM.>G.M. we have,

S‘a”‘bzs‘“s‘d > {(s—a)(s—b)(s—c)(s—d)}*.
Or, (37:)4z(s—a)(s—b)(s—c)(s—d).
Or, (s—a)(s—b)(s—c)(s—d)é28—51634 .................... (1)
Now, applying AM.>G.M. for three positive numbers b,c,d. We have,
b+c+d z(bcd)%
s—a>3(bcd)% .............. (2)

Similarly, s—b>3(acd)3............. 3)
s—023(abd)% ..................... (4)
s—d 23(abc)% ...................... (5)

Multiplying, (2),(3), (4), and (5) we get,
(s—a)(s—b)(s—c)(s—d) =81 (hed.acd.abd.abc)s.
. (s—a)(s—b)(s—c)(s—d)>8labcd................ (6)

Combining (1) and (6) we get,

8labed < (s—a)(s—b)(s—c)(s—d)328—51654.
(i) Clearly s—a>0,s-b>0,s—¢c>0,5—d >0

Applying AM >G.M on the four numbers s—a>0,s-b>0,s—c>0,s—d >0 we get

(s—a)+(s—b)+(s—c)+(s—d)2 4
4 1 1 1 1
+ + +
s—a S-b s-c s-d
L% ¢
4 1 1 1 1
+ + +
s—a S—-b s-c s-d
3 3 3 3 16
+ + + >
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Again applying H.M.< AM. on three non negative real numbers a,b,c we get

T i < a+b+c:1 i 1S(S—d):>—9 Sl 1+1
2202 3 11,1 s—=d a b ¢
a b c¢ a b ¢
Similarly we can write
9 1 1 1 9 1 1 1 9 1 1 1
— <= —+——s-+—+—;—§—+—+—;
b a c d a b ds-d a b c
Adding we get 3 + 3 + 3 + 3 g1+1+1+1
s-a sS-b s-¢c s-d a b ¢ d
16 3 3 3 3 1 1 1 1
Combining we get — + + <4+ =+=4=
S s—a s-b s-¢c s-d a b c¢c d
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