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LINEAR DIFFERENTIAL EQUATIONS OF SECOND AND HIGHER ORDER

11.1 Introduction

. ) ) dy d2 dn ) )
A differential equation of the form F (x, y,d—i,—dxz , ""_de ):0 in which the
dependent variable y(x) and its derivatives viz. & , %etc occur in first

2
degree and are not multiplied together is called a Linear Differential Equation.

11.2 Linear Differential Equations (LDE) with Constant Coefficients

A general linear differential equation of n'" order with constant coefficients is
given by:

dn—ly
1 gxn—1

dn d
ko =+ k === =ty o+ ey = F(x)

where k's are constant and F (x) is a function of x alone or constant.
= (kgD"+ kD" '+ ——— =4k, 1D+ k,)y=F(x)
dl'l dl'l—'l

Or f(D)y = F(x), where D" = —, D" 1 =

- dx”’ dxnul > e

d
e D ==

are called
dx

differential operators.

11.3 Solving Linear Differential Equations with Constant Coefficients
Complete solution of equation f(D)y = F(x)is givenby y = C.F +P.L
where C.F. denotes complimentary function and P.I. is particular integral.
When F(x) = 0, then solution of equation f(D)y = 0is givenby ¥y = C.F
11.3.1 Rules for Finding Complimentary Function (C.F.)

Consider the equation f(D)y = F(x)
= (kgD"+ kD" '+ ————+4+k, 1D+ k,)y=F(x)

Step 1: Put D = m, auxiliary equation (A.E) is given by f(m) = 0
S>kom'+ kym" 4 ————+k,_m+k, =0...... ©)

Step 2: Solve the auxiliary equation given by (3)
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I.  If the n roots of A.E. are real and distinct say m,, m,,... m,,
CF.= cqe™* + c,e™2* 4 ... 4 ¢, e™n*
II. Iftwo or more roots are equal i.e. my=m,=...=m,, k <n
CF.= (c;+ cpx + c3x? + -+ + cpx®~1)e™* + ... + ¢, e™n¥
II.  If A.E. has a pair of imaginary rootsi.e. my = a+iff,my, =a—if

C.F.= e*™(cy cosPx + c, sinPx) + c;e™* + .- 4+ ¢, e™n*
IV. If 2 pairs of imaginary roots are equal i.e. my =m, = a + i,
m3 = m4 =0 i B
C.F.= e™[(c; + czx) cosPx + (c3 + cyx) sinPx] + -+ + c,e™n*

d?y
dx?

Example 1 Solve the differential equation: 8% +15y =0
Solution: = (D? — 8D +15)y =0

Auxiliary equation is: m? —8m + 15 = 0

> (m-3)(m-5)=0

=> m=23,5

CF.= ¢ e3 + c,ed™

Since F(x) = 0, solution is given by y = C.F

=y = e+ e

Example 2 Solve the differential equation: % -6 % + 11 Z—Z —6y=0
Solution: = (D®* —6D? + 11D —6)y =0

Auxiliary equation is: m® —6m? + 11lm—6=10 ....... @

By hit and trial (m — 2) is a factor of O

~(D May be rewritten as

m3 —2m?—4m?+ 8m+3m—-6=0
>m*m—-2)—4m(m—-2)+3(m—-2)=0

> (m2—4m+3)(m—-2)=0

>m-3)(m—1)(m—-2)=0

=> m=123
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CF.= cie* + ce®* + cze3*
Since F(x) = 0, solution is given by y = C.F

=y = e’ + e + e

Example 3 Solve (D* — 10D3 + 35D% — 50D + 24)y =0

Solution: Auxiliary equation is:
m*—10m3+35m? - 50m+24=0 ....... )
By hit and trial (m — 1) is a factor of O

~(D May be rewritten as

m*—m3 —9m3 +9m? +26m?— 26m—24m+24=0

>m3(m—-1)—9m?*(m—-1)+26m(m—1)—-24(m—-1)=0

>(m—-1D)m3—-—9m?+26m—24)=0 ...... @
By hit and trial (m — 2) is a factor of @

(2 May be rewritten as

(m—1)(m3—=2m? —7m? + 14m + 12m — 24) = 0
> m—-1)[m?*(m—-2)—7m(m—-2)+12(m—-2)] =0
>m—-—1D)(mM?*-=7m+12)(m—-2) =0
>m-1)(m-3)(m—4)(m—-2)=0

> m=1234

CF.= cie* + ce®* + cze3* + c,e™

Since F(x) = 0, solution is given by y = C.F

=y = ce¥+ e + e + e

d?y

3
Example 4 Solve the differential equation: 37331 +2—=+ % =0

dx?
Solution: = (D* +2D?+ D)y =0

Auxiliary equation is: m3 +2m? + m =0
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=>m@m?>+2m+1)=0

>m@m+1)2=0

> m=0,-1,-1

CF.= c;+ (c; + czx)e™

Since F(x) = 0, solution is given by y = C.F

=y = ¢+ (c; +c3x)e”™

Example 5 Solve the differential equation: —

Solution: = (D*—=2D2+1)y =0
Auxiliary equation is: m* —2m?+1 =0
=>(m?2-1)2=0

> (m+1)2*(m-1)2=0

> m=-1,-1,1,1

CF.= (c; + cx)e™ + (c3 + c4x)e”

Since F(x) = 0, solution is given by y = C.F

=y = (c; +cx)e™™™ 4+ (c3+ cux)e”

3
Example 6 Solve the differential equation: 3733/ —2% 4y =0

Solution: = (D3 —2D +4)y =0

Auxiliary equation is: m®* —2m +4 =0 ....... @
By hit and trial (m + 2) is a factor of O

~(D May be rewritten as

m3 +2m? —2m? — 4m+2m+ 4 =0
=>m?(m+2)—2m(m+2)+2(m+2)=0
>m+2)(m?-2m+2)=0

> m=-2,1+i

aty o dy

dx

dx
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CF.= cje ™ + e*(c, cosx + ¢3 sinx)

Since F(x) = 0, solution is given by y = C.F

=y = ce”? + e*(cycosx + c3sinx)

Example 7 Solve the differential equation: (D? — 2D + 5)2y =0

Solution: Auxiliary equation is: (m? — 2m + 5)2....... @

Solving D, we get

> m=1x2i1x2i

CF.= e*[(c; + c;x) cos2x + (c3 + c4x) sin 2x

Since F(x) = 0, solution is given by y = C.F

=2y = e*[(c; +cy3x)cos2x + (c3 + cux) sin 2x]

Example 8 Solve the differential equation: (D? + 4)3y =0

Solution: Auxiliary equation is: (m? + 4)3....... )

Solving D, we get

= m = 12i{,+2i,+2i

CF.=(c; + c3x + c3x%) cos 2x + (¢4 + csx + cgx?) sin 2x

Since F(x) = 0, solution is given by y = C.F

=y = (c;+ cx +c3x?)cos2x + (¢4 + csx + cox?) sin 2x
11.3.2 Shortcut Rules for Finding Particular Integral (P.1.)

Consider the equation (D)y = F(x) ,F(x) #0
= (kgD"+ kD" '+ ————+k,_1D+ k,)y =F(x)

Then P.I= ﬁ F(x), Clearly P.1.=0if F(x) =0
Case I: When F(x) = e%*

Use the rule P.I = —— ™=
f(D) f(a)

e™ f(a) #0

In case of failure i.e. if f(a) =0
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1 1 :
Pl= x——e¥*= x——e* ,f(a) #0
(D) f(a) fa)

If f'(a)=0,P1L=x mea" f"(a) # 0 and so on

Example 9 Solve the differential equation: % — 2 + 10y = e?*
Solution: = (D? — 2D + 10)y = e%*

Auxiliary equation is: m? —2m + 10 = 0

> m=1=%3i

C.F.= e*(c; cos 3x + ¢, sin 3x)

1
PlL=—F = e?* by putting D = 2
7oy PO f(D)e ) yputting
= ; 2x — i62x
22— 2(2)+10 10

Complete solutionis: y = C.F.+P.I

. 1
=Sy = ex(c1c053x+czsm3x)+1—oezx

Example 10 Solve the differential equation: % + Z—Z —2y=¢e"
Solution: = (D2 + D —2)y = e*

Auxiliary equation is: m* +m—2 =0
>(m+2)(m-1)=0

> m=-21

C.F.= cie ™ + c,e*

Pl—m ()=f(—De ,puttingD =1, f(1) =0
PI—xﬁe Pl—xmeaﬂff(a)—o
= P.L =X ex—f(l) () #0

:PI—x%x
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Complete solutionis: y = C.F.+P.I

—2x x , xe*
=y = € +cye +T

2
Example 11 Solve the differential equation: 37321 — 4y = sinh(2x + 1) +4*

Solution: = (D? — 4)y = sinh(2x + 1) + 4%
Auxiliary equation is: m?2 —4 =0
> m=4%2

CF.= cje®* + c,e ™

1
PlL.=—F
7oy PO
—_ 1 3 X
= (sinh(2x + 1) +4%)
1 e x+1)_ p—(2x+1) 1 1
= D2—4 ( 2 )+ D2—4 (ex 0g4)

—-X

. e
+ sinhx = and 4% = exlog4

_¢e_1 o _ €1 1 e~2X 4 1 eXlog4

T 2D2-4 2 D2—4 D2— 4

Putting D = 2,—2 and log 4 in the three terms respectively
f(2) =0and f(—2) =0 for first two terms

~PI :Exier e ! ie—Zx 1 xlog4
Tt 272D 2 72D (log4)%—4

. — 1 _ax; —
.P.I.—xf,(a)e if f(a)=0

Now putting D = 2, —2 in first two terms respectively

ex e 1x _ 4%
SPl=—e2X —Zp72x 4 . pxlogd_yx

8 8 (log4)?— 4

@x+1) . ,—(2x+1) x

x (e +e 4
=>P.I. = —( )

4 2 (log4)%2— 4

X 4% eX4 e™X
=P.I.=-cosh(2x+ 1)+ ——— “* coshx =

4 (log4)?- 4
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Complete solutionis: y = C.F.+P.I

4_.96

— 2x -2x 4 X _
>y = ce*+ ce +4cosh(2x +1) + logi)—4

Case II: When F(x) = Sin (ax + b)or Cos (ax + b)
If F(x) = Sin (ax + b) or Cos (ax + b), put D? = —a?,
D3 =D2D = —a?D, D* = (D¥)? = a*.......

This will form a linear expression in D in the denominator. Now rationalize the
denominator to substitute D? = —a?2. Operate on the numerator term by term

; =2
by taking D = —

In case of failure i.e.if f(—a?) =0

1

PL =x—
X

Sin (ax + b) or Cos (ax + b), f (—a?) = 0

1
f'(=a?)

If f(—a?) = 0,P.1.=x2 Sin (ax + b) or Cos (ax + b), f'(—a?) # 0

Example 12 Solve the differential equation: (D? + D —2)y = sinx
Solution: Auxiliary equationis: m? +m—2 =0
>m+2)(m—-1)=0

> m=-2,1

CF.= cie ™ + c,e*

P.I.Z;F(x) =L sinx = sin x
f(D) f(D) D2+D-2
putting D? = —12 = —1
PI= D—i3 sinx = ;;_39 sin x , Rationalizing the denominator
= %, Putting D? = —1

P.I.=%(D sinx + 3 sinx)

=%(cosx + 3 sinx)
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Complete solutionis: y = C.F.+P.I

>y = e ¥ +cye” —% (cosx + 3 sinx)

Example 13 Solve the differential equation: (D? + 2D + 1)y = cos?x
Solution: Auxiliary equationis: m? +2m+1=0

(m+1)2=0

> m=-1,—-1

C.F.= e™(c; + c3x)

1 1 1 1+4+cos2x
PlL.=— F(x) = —cos?x = ( )
f(D) f(D) D2+2D+1 2
1 1 1
== ———¢W - ————C0S 2x
2 D2+2D+1 2 D2+2D+1

Putting D = 0 in the 1¥ term and D? = —22 = —4 in the 2™ term

1
2 2D-3

PI= % + CoS 2x

2D+3
4D2 -32

% + % cos 2x, Rationalizing the denominator

(2D+3) cos 2x

=141 , Putting D? = —4
2 2 —-25

1 1

~P.l.==- — = (—4sin2x + 3 cos 2x)
2 50

Nowy = C.F.+PlI

>y = e (c; +cx) + % - 5—10 (—4sin 2x + 3 cos 2x)

Example 14 Solve the differential equation: (D? + 9)y = sin 2x cos x
Solution: Auxiliary equation is: m? +9 = 0

= m=+£3i

C.F.= ¢y cos3x + ¢, sin 3x

P.I.=;F(x) = ——sin2xcosx = ~— (sin 3x + sin x)

f(D) f(D) 2D249
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1

sin x
D249

1 ) 1
== sin3x + -
2 2 D249

Putting D? = —9 in the 1 term and D? = —1 in the 2™ term

We see that f(D? = —9 ) = 0 for the 1* term

11 . 11
~Pl. ==x—sin3x+ - =sinx
2 72D 2 8

.. _ 1 : e 2
“P.I = e Sin(ax+b),f (—a*) #0

>PI=—2cos3x + —sinx
12 16
Complete solutionis: y = C.F.+P.I
=y = ¢1€083x + c,Sin 3x —%cos 3x + isinx
Case III: When F(x) = x™, nis a positive integer

1 1
P.I ) F(x) = mx"

1. Take the lowest degree term common from f( D) to get an expression
of the form [1 + ¢(D)] in the denominator and take it to numerator to
become [1 + ¢(D)]?

2. Expand [1+ ¢(D)]! using binomial theorem up to n™ degree as
(n+1)™ derivative of x™ is zero

3. Operate on the numerator term by term by taking D = ;—x

Following expansions will be useful to expand [1+ ¢(D)] lin ascending
powers of D

I+x)t=1—-x+x%—x3+--
Q1-—0)t=1+x+x2+x3+-
(1+x)"2=1-—2x+3x%>—4x3+ -
(1—x)"2=1+2x+3x*>+4x3+ -

2

Example 15 Solve the differential equation: 37321 —y=5x—-2

Solution: = (D? — 1)y = 5x — 2

Auxiliary equation is: m?2 —1=0
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> m==1

— X —-X
CF.= cie* + e

PI_EF()_DZ "

(5x — 2)

oo D2) (5x —=2)

= —(1-D?)"'(5x — 2)
=—[1+D?+-](5x — 2)
— _(5x—2)
~PI=-5x+2
Complete solutionis: y = C.F.+P.I
>y = ce¥+ce”™ =5x+2
Example 16 Solve the differential equation: (D* + 4D?)y = x? + 1
Solution: Auxiliary equation is: m* + 4m? = 0
> m?(m?+4)=0
=>m=0,0,%2{
CF.= (c; +c3x) + (c3cos 2x + ¢, sin 2x)

P.I —ﬁ F(X) _D4 2D2

(x2+1)

- D‘l'+4-D2 (x + 1)

= (2 + 1)

4D2(1 —)
4D2(1+ ) 1(x2 +1)

[1——+ Joz+1)

= a2
4D2 (x +1- _)
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= ()
=— [ (x*+2)dx
=5(5+3)
= (G

it )

Complete solutionis: y = C.F.+P.I

4- 2
=y = (c; +c3x)+ (c3c082x +c,sin2x) + - (12 + xT)

Example 17 Solve the differential equation: (D? — 6D +9)y = 1 + x + x2
Solution: Auxiliary equationis: m? —6m+9 =0

= (m—-3)2=0

=>m =33

C.F.=e3(c; + c,%)

P.I —ﬁF(x) = 6D+9(1+x+x)
1
S S
() )
5 -1
=11 (2_ L2 2
=3 1 (3 9)) (1+x+x%)
1 2D D2 2D D?\? )
=1+ E-5)+E-5) +"'](1+x+x)
1 4D? 2
=2 1+———+—+---](1+x+x)
1
=1+ 24+ 2 A+ x+a?)

=2(1+x+x?+2+242)
9 3 3 3

Page | 12



CPI=1(l41X 2

2PI=2(24 24 42)

Complete solutionis: y = C.F.+P.I
_ 3x 1/(7 7x 2

>y =ce (c1+c2x)+;(§+?+x)

Case IV: When F(x) = e g(x), where g(x) is any function of x

1 ax — ,ax
Use the rule: 5 € gx) =e ( o7 g(x ))

Example 18 Solve the differential equation: (D? + 2)y = x%e3*

Solution: Auxiliary equation is: m? + 2 = 0

C.F. = (c; cos(zv2 x) + ¢, sin(:v/2 x))

2 ,3x

P.I —EF( ) _D2+2

x-e

1
— 3x—x2
(D+3)2+2

1
— 3x xz
D2+6D+11

e3x 1 2

= x
11 (1,6D_ D?
(1+11+ 11

11 11

-1
3x 2
= 1+(6D+D—)> x2

3 2 21 2
=ﬂ 1_(6D_|_ D_)+(2+ D_) +...]x2

11 11 11 11 11
3x 2
e 6D 36D
=12 o] a2
11 L 11 121
3x 2
e 6D 25D
= [1-24+ 24|02
11 11 121
3x
e 12x 50
= — (xz — =4 _)
11 11 121
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SPd = (2 - 2

11 11 121

Complete solutionis: y = C.F.+P.I

=y = (c; cos(v2x) + ¢, sin(+v/2 x)) + %(xz =g 5—0)

11 121
Example 19 Solve the differential equation: (D3 + 1)y = e?* sinx
Solution: Auxiliary equationis: m3 +1 = 0
=>m3=-1

1++/3i
2

>m=—1,

CF.=ce™+ eg (cz cos (? x) + c3 sin (?x))

PL =— F(x) = ——e®*sinx

f(D) D3+1

= e?* ————sinx
(D+2)3+1

_ _2x 1 .
=e Sin x
D3+6D2+ 12D+9

2x

———————sinx , Putting D% = —1
—-D—6+12D+9

=€

1.
= e?¥ sin x
11D+3

11D-3 . T -
= e?¥ Tipi_gSiny, Rationalizing the denominator

2x
= —%(111) — 3)sinx , Putting D2 = —1

2x
~PI = —e—(11 cos x — 3sinx)
130
Complete solutionis: y = C.F.+P.I
=y =ce ¥+ ez (c2 cos (\/—fx) + c5 sin (?x))

2x
—%(11 cos x — 3sinx)

Page | 14



2
Example 20 Solve the differential equation: % — 4y = x sinhx

Solution: = (D? — 4)y = x sinhx
Auxiliary equation is: m? — 4 = 0
> m==2

CF.= cje®* + c,e™%

1
PlL.=— F(x
f(D) ( )
= (x sinhx)
f(D)
1 eX—e™X . eX—e™X
= (x ) - sinhx =
D2—4 2 2
1 ( eX e'x)
= X——x—
D2—4 2 2
eX 1 e ™ 1

=  x —_—X
2 (D+1)2-4 2 (D-1)2-4

_ ﬁ 1 Y — e 1 X
2 (D2+2D-3) 2 D2-2D-3
_e* 1 e™* 1 X
- D2 2D D2 2D
e R
2= D) e - -2
6 3 3 6 3 3
X -X
=-2(1+D)x+=(1-D)x
6 3 6 3
X —-X
--2(c+Y+ 2
6 3 6 3
_ X (ex— e_x) 2 (ex+ e_x)
3 2 9 2
~PI =—%sinhx —Zcoshx
3 9
Complete solutionis: y = C.F.+P.I
>y = e+ e —gsinhx —gcoshx
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Example 21 Solve the differential equation: (D? + 1)y = x? sin 2x

Solution: Auxiliary equation is: m? +1 =0
>m?=-1
>m=*i

CF.=c;cosx + c,sinx

1

1 )
PlL. =— F(x) = x? sin 2x
f(D) D2+1
. 1 -
= Imaginary part of x’et?x
g yp D2+1
1 - - 1
Now xZBLZx — pl2x ' xz
D2+1 (D+2i)2%+1
_ i2x 1 2

X
D2+44i2+ 4iD+1

; 1
— 12x . xz
D2+ 4iD-3
_ i2x 1 2
— ¢ T pz_m*
3 3

Z_ein [1 B (Z_l_ ﬂ)]—1 x2
3 3 3

3 3

__eLZJC

1+—+—+
3 1 3 3 9

—el2xy 13D2  4iD
ey —] X2
3 1 9 3

__elzx r

26 | .8x
x2—=+i—
3 9 3

=—§(c052x+ i sin 2x) [xz —%+l

D2+1

D?  4iD 16i2D2] 2

_i2x 2 ; 2 N 2
i (B ) (2 2]

. 8x
3

. — : 1 220 __1(8x 2 _ 26\
=~ P.I. = Imaginary part of x“et X = 3( C052x+(x 9)Sln2x)

3

= —Z 0s2x +—(26 — 9x?) sin 2x
9 27
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Complete solutionis: y = C.F.+P.I

=y =¢;C08X + ¢, sinx —%xCOSZx +%(26 — 9x2) sin 2x
Example 22 Solve the differential equation: (D? — 4D + 4)y = x?e?* sin 2x
Solution: Auxiliary equationis: m? —4m+4 =0
= (m — 2)?
>m=2,2

CF.=(c; + cpx)e®

— p2Xx 1

2 -
X“sin 2x
(D+2)2-4(D+2)+4

1 .
= e** —x?%sin 2x
D2
1 .
= ezng x? sin 2x dx

02% [( 2)( cost) (2 )( sm2x) n (2) (cost)]

1 1 1 . 1
= ezxg[—zxz cos2x + Sxsin 2x + ; cos Zx]

= e [—%fx2c052x+ %fxsiandx+ifc052xdx]

-2 (22 - ) (222) o (2229
12x—cos2x2—1-sin2x4+14sin2x2

2
~ Pl =e? [L sin 2x — 2 cos 2x + >sin Zx]
4 2 8
Complete solutionis: y = C.F.+P.I
2
=y = (¢ + cpx)e?* + e [% sin 2x — gcos 2x + zsin Zx]
Case V: When F(x) = x g(x),where g(x) is any function of x

Use the rule: —(x g(x)) xf(D)g( x) + (dD f(D)) 9(x)
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Example 23 Solve the differential equation: (D? + 9)y = x cos x

Solution: Auxiliary equation is: m? + 9 = 0
> m?=-9
>m = +£3i

C.F.= (¢4 cos 3x + ¢, sin 3x)

1 _ 1
PI = 0 F(x) = S3rg X COSX

cosx + —22_ cosx
D2+9 (D2+9)2

= X

-2D
(-1+9)2

1
= xX—— cosx +
-149

X COsXx 2D cosx

8 64

X COsXx 2D cosx

8 64

X COSX sinx
~ Pl = +
8 32

Complete solutionis: y = C.F.+P.I

X COSX sin x

+
8 32

=y =, c083x + ¢, sin 3x +

Example 24 Solve the differential equation:

(D? = 1)y = xsinx + (1 + x?)e*

Solution: Auxiliary equation is: m? —1 =0
>m==1

CF.=ce* + cye*

_ 1 1 . o~
P.L o) F(x) = P (xsinx + (1 + x?%)e*)
= ——xsinx + — (1 + x?)e*
D2-1 D2-1
Now ——xsinx == x_—— sinx + ez Sinx

cos x, Putting D? = —1
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= xl; sinx + sin x, Putting D? = —1

—-2D
(-1-1)2

= —é(xsinx + cos x)

Als 2)e* = e* (1+x?)

(D+1)2 1

=e” D2+2D (1 +x%)

2D(1+—)

——(1+x?)

3
~P.L ———(x51nx+cosx)+ x?—x?+32x

Complete solutionis: y = C.F.+P.I

3x

=y =ce*+cer ——(x51nx+cosx)+ [———+2

Case VI: When F(x) is any general function of x not covered in shortcut
methods I to V above

Resolve f(D) into partial fractions and use the rule:

— F(x) =e % [ e F(x) dx

Example 25 Solve the differential equation: (D% + 3D + 2)y = e®"
Solution: Auxiliary equationis: m? +3m+2 =0

>m+1)(m+2)=0
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>m=-1,-2

CF.=ce™*+ce

= ; — ; eX
P.L f(D) F(x) D2+3D+2

_ 1 eex
T (D+1D)(D+2)

- ((D-ll-l) - (Diz) ) e

—_ X —_ X
=e*[e*e dx— e [e? e dx

=e™* [De® dx — e ?* [ e*De®"dx
= e Xt — 7 [exeex - fexeexdx] , Integrating 2™ term by parts
=e%e® — e ¥ [e¥e®” — [De® dx]
= e e — e 2 [e%e¢" — ¢]
~ Pl =e e
Complete solutionis: y = C.F.+P.I
=y =ceF + e e e
Example 26 Solve the differential equation: (D? + 4)y = tan 2x
Solution: Auxiliary equation is: m? + 4 = 0
>m==12i

C.F.=c; cos2x + ¢, sin 2x

PL=— F(x) = —

tan 2x
(D) D2+4

1
T (D-20)(D+2i)

1 1 1
T4 ((D—Zi) T (p+20) ) tan 2x

tan 2x

Pl = l( L tan Zx) — i(;tan Zx) ....... @

4i \D-2i 4i \D+2i
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1 . Y
Now ——tan2x = e?* [ e?* tan 2x dx

= e2?™ [(cos 2x — isin 2x) tan 2x dx

. sin?2x

— ,2ix :
=e sin2x — i dx
f( cost)
; . . 1—-cos?2x
= e?* | (sm 2x — i )dx
cO0S2Xx

= eZixf(sian—isec2x+ic052x)dx

. 1 i i
= g2 (—zcos 2x — Eloglsec 2x + tan 2x| + Esin Zx)

D-;zttan 2x =e?ix (—%e‘Zi" —%loglsec 2x + tan 2x|) ...©

Replacing i by - i

— _tan2x = e~?2¥ (—132"" +=log|sec2x + tan 2x|) ..®
D+2i 2 2

Using @and 3 in O

Pl = i [eZi" (—%6‘2"" — % log|sec2x + tan 2x|)]

—4%, e 2ix (—%62"" + éloglsec 2x + tan 2x|)]

1 ezix+ e—zix

== _LTloglsec 2x + tan 2x|]

~P.I= —i [cos 2x log|sec2x + tan 2x]]
Complete solutionis: y = C.F.+P.I.
=y =, €0S2X + Cc,sin2x — i [cos2x log|sec2x + tan 2x|]

Exercise 11A

Solve the following differential equations:

= [—i - éeZ""loglsec 2x + tan 2x| + % - %e‘”xloglsec 2x + tan 2x|]

1. (D3+D*=5D+3)y=0  Ans.y = (c;x + cy)e* + cze™3*
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ko x

10.—

d?y
nd’y n—
o + ki x

E 5 —+ 6y = e3% Ans.y = cie® + ce3* +e3¥(x — 1)

d? ay
dx2

— 6y = e* cosh 2x

Ans.y = c;e ™3 + c,e?* + %e =
(D — 1)?(D? + 1)%y = e*

2
Ans. ¥y = (c;x + ¢;)e* + (c3x + ¢4) cos x + (csx + cg) sinx + %ex
(D? — 6D +9)y = x? + 2e**
— 3x 1 2 4x 2 2x

Ans. y = (c1x + ¢y)e +;(x +;+§) + 2e

(D2 +D —2)y = x + sinx
Ans.y = c;e™* + c,e* —i(Zx +1) —%(cosx + 3 sinx)

(D + D)y =(1+e*)?
Ans.y =c;+c,e ™ +x— (1 +e¥)log(1+¢e%)

(D? + 5D + 6)y = e~ **sec?x (1+2tan x)
Ans.y = c;e”? + e + e (tanx — 1)

dz_y d_y — — — 2x
ozt 4dx 12y = (x — 1)e

_ 2x —6x , € (ﬁ_‘)_x)
Ans. y = c;e“* + c,e™™ + 53
d?%y dy . _ d_y _ _
a2 3 +2y 4x + 3% glveny—l,dx— 1whenx =0

3x
Ans.y=—ze —262"+2x+3+67

11.4 Differential Equations Reducible to Linear Form with Constant
Coefficients

Some special type of homogenous and non homogeneous linear differential
equations with variable coefficients after suitable substitutions can be reduced
to linear differential equations with constant coefficients.

11.4.1 Cauchy’s Linear Differential Equation

The differential equation of the form:

n—

+————+kn 1x + k,y =F(x)

dnl
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is called Cauchy’s linear equation and it can be reduced to linear differential
equations with constant coefficients by following substitutions:

t

x=-e" =logx=t

dy dydt _dyl
dx  dtdx dtx

:xd—y=d—y=Dy,WhereD =4
dx ~ dt dt
Similarly x2— = D(D — 1)y, x3>— = D(D — 1)(D — 2)y and so on.

Example 27 Solve the differential equation:

ds3 dz
3a’y 2 a%y
x°—+4+ 3x°—

dx3 dx?2

+x%+8y =13 cos(logx), x>0 ... @
Solution: This is a Cauchy’s linear equation with variable coefficients.

Putting x = et .~ logx =t

= x d =Dy, x =DM —-1)y and x3—==D(D -1)(D - 2)y

~(D May be rewritten as
(b(d>-1)(D—-2)+3D(D—1)+D+8)y =13cost

= (D® +8)y =13 cost , D:E

Auxiliary equation is: m3 + 8 = 0
>m+2)(mM?*-2m+2)=0
m=-2,1++3i

CF.= cie 2 + et(c, cos V3t + c; sinV3t)

= ;—; + x(cz cos(v3log x) + c; sin(v/3 log x)

f( D)

= 13——cost , Putting D? = —1
-D+8

= 13(8;1))2cost =13%2 o5t Putting D? = —1
64—D 65
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P.I.=%(8cost + D cost)

Z%(Scost—sint)

vt |

(8 cos(log x) — sin(log x))
Complete solutionis: y = C.F.+P.I

c
=y = x—; + x(c2 cos(vV3logx) + c; sin(\/glogx) +

% (8 cos(log x) — sin(log x))
Example 28 Solve the differential equation:

2%y | dy
dx2 dx

X

Solution: This is a Cauchy’s linear equation with variable coefficients.

Putting x = et .~ logx =t

v _ 24%y _ _
= x— =Dy, x = D(D - 1)y

~(D May be rewritten as

3t

(OD-1)+D—-1)y =

e
1+e3t

= (D2-1)y=-=2.D
14+e2t”’

&=

Auxiliary equationis: m?2 —1=0
> m=x=1

CF.= cie”t + et

- &

= + Cyx

1 R
P.L " F(D) Flx) = D2-1 1+e2t

_ 1 e3t _1( 1 1 ) e3t
T (D-1)(D+1) 1+e2t  2\(D-1) (D+1)/ 1+e2t
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_1( 1 e3t 1 e3t)
T 2\(D-1) 1+e2t  (D+1) 1+e?t

3t

3t
=3 (e et e = e et gmde) g FO) = e e F o) dx

1+e2t

1 o e e et
- E(e f1+e2t dt — e f1+e2t dt)
Put e?! = u = 2e?ldt = du
) S o R R
--P.I—4(€ f1+udu € f1+udu)
_ 1 t —t 1+u-—1
= Z(e log(1+u)—e fmdu)
_1( ¢ _ ot _
= 4(3 log(1+u)—e f(l 1+u) du)
= i(et log(1 +u) —e t(u—log(1+u))
= i(et log(1 + e?*) —e~t(e? —log(1 + e?))
= i(x log(1 + x2) —%(x2 —log(1 + xz))
= i(x +i) log(1 + x2) —f
Complete solutionis: y = C.F.+P.I

& 1 1 2y _X
>y = x+czx+4(x+x)log(1+x) ’

1 1 1
=y = %+C3x+ Z(x+;)log(1+x2) 3= C—
Example 29 Solve the differential equation:
x*D? —2xD—4y = x*+2logx, x>0 ... @

Solution: This is a Cauchy’s linear equation with variable coefficients.
Putting x = et .~ logx =t

= xD =8y, x2D2 =66 — 1)y .5 ==

~(D May be rewritten as
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(6(6—1)—26—4)y = e +2t
= (62 =35 —4)y = e? + 2t
Auxiliary equation is: m?2 —3m—4 =0
>m+1)(m—-4)=0
> m=-14

CF.=cie™t + c,e*t

_a, &
T ox xt
PL=— F(x) = ——(e? + 2t)
R {C)) §2-38-4
_ 1 2t 1
= 52-35-4° 52-35-42t
= —e2 4 Zﬁt Putting § = 2 in the 1% term
-6 _4<1_T+T)
-1
_ —e“-z(l_ (6_2_2)> .
6 2 4 4
_p2t 2
== 142
6 2 4 4

_p2t 1
e
6 2 4

P.I.=%2—§[logx—ﬂ

Complete solutionis: y = C.F.+P.I

_a 2-_962_1[ _E]
:,oy—x+x4 . 2logx ’

11.4.2 Legendre’s Linear Differential Equation

The differential equation of the form:  ky,(ax + b)" % +

n-1

d"y
k, (ax + b)"* g

is called Legendre’s linear equation and it can be reduced to linear differential
equations with constant coefficients by following substitutions:

d
oot depoy (ax + b)d—Z+ kpy = F(x)
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(ax +b) = e* =t =1log(ax + b)

dy dydt _dy a

dx dt dx dt ax+b

= (ax + b)% = a% = aDy, where D = %

Similarly(ax + b)* 2% = a?D(D — 1)y

(ax + b)3 % = a®*D(D — 1)(D — 2)y and so on.

Example 30 Solve the differential equation:
Br+2?2+3Bx+2) 2 —36y =322 +4x+1 ... D

Solution: This is a Legendre’s linear equation with variable coefficients.

Putting (3x +2) = et = t=1log(3x + 2)
@y _ 2d%y _ 2 _
= 3x +2) = 3Dy, (3x + 2) i 3°D(D — 1)y
Also 3x? + 4x +1 = 2 (9x% + 12x + 3)
= 2((3%)? +232x +4—4+3)
= ~(Bx+2)?-1)
_ 1. 2t
= (e -1)
~(D May be rewritten as
(9D(D — 1) + 9D — 36)y = = (e* — 1)
= 9(D? - 4)y = %(eZt -1)

Auxiliary equation is: 9(m? —4) =0
> m==2

CF.= cje™? + c,e?t

_ ! 2
= Grio)? +c,(3x + 2)
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- 1. 2t
P.L f(D)F() 9(D2- 4)3( D

=i( 1 g2t _ 1 eOt)
27 \(D2-4) (D2-4)

= i(ieZt - (0;4)6(”) , Putting D = 2 in 1* term, it is a

w——e% = t—_p2x ,also D = 0 in the 2™ term.
(D=-4) f'(2)

(log(3x+2) (3 n 2)2 _)

27
- Fls [(Bx + 2)%log(3x + 2) + 1]

Complete solutionis: y = C.F.+P.I

=Sy = +¢,(3x +2)% + —[(3x +2)?log(3x + 2) + 1]

(3x+2)2

Example 31 Solve the differential equation:
(x+1)2%+(x+1)%+y = 2sin(log(x + 1)), x>—-1....... D

Solution: This is a Legendre’s linear equation with variable coefficients.

Putting (x + 1) = et -t =log(x + 1)

> G+ D2 =Dy, (x + 1222 = 12D(D - 1y

~(D May be rewritten as

(D(D—-1)+D+ 1)y = 2sint

= (D? + 1)y = 2sint

Auxiliary equation is: (m?+1) =0
= m= =i
CF.= c;cost+c,sint

= ¢; cos(log(x + 1)) + ¢, sin(log(x + 1))
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= + ¢,(3x + 2)?

(3x+2)2
PlL.=—F =
f(D) () =
ZZt% sin t, Putting D? = —1, case of failure
»——sint = t——sint
T (D%+1) 0)

=t [sintdt = —tcost
=~ P.I= —log(x + 1) cos (log(x + 1))
Complete solutionis: y = C.F.+P.I
y = ¢; cos(log(x + 1)) + ¢, sin(log(x + 1)) —log(x + 1) cos (log(x + 1))
11.5 Method of Variation of Parameters for Finding Particular Integral

Method of Variation of Parameters enables us to find the solution of 2™ and
higher order differential equations with constant coefficients as well as variable
coefficients.

Working rule

Consider a 2™ order linear differential equation:
d—y+de+Qy—F(x) ....... @®

1. Find complimentary function given as: C.F.= c;y; + ¢V,

where y; and y, are two linearly independent solutions of (D

V1 Y2

vi'oy2!

2. Calculate W = , W 1s called Wronskian of y; andy,

3. Compute u, = —f%(x)dx, u, = fh:"v(x) do

4. Find P.L. = w,y; + uyy,
5. Complete solution is given by: y = C.F.+P.I

Note: Method is commonly used to solve 2™ order differential but it can be
extended to solve differential equations of higher orders.

2
Example 32 Solve the differential equation: % + 7y = cosecx
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using method of variation of parameters.

Solution: = (D? + 1)y = cosecx
Auxiliary equation is: (m?+1) =0

> m=4=i

CF.= cycosx +c,sinx = ¢y, + ¢,

~y, =cosx and y, = sinx

Y1 Yz _|cosx sinx|_
W= |3’1' Y2 '| ~ l—sinx cosx| =1
u1=—f%(x)dx=—fsinxcosecxdx= — [1dx = —x

u, = f%(x)dx = [cosx cosecx dx = [ cotxdx = log|sin x|
~PI=uy; + Uz,
= —xcosx + sinx log|sin x|
Complete solutionis: y = C.F.+P.I
=y =¢,€08Xx + c,sinx — x cosx + sinx log|sin x|
Example 33 Solve the differential equation: (D? — 2D + 1)y = e*
using method of variation of parameters.
Solution: Auxiliary equation is: (m? —2m + 1) = 0
> m=1,1
CF.= (c; +c,x)e* =cie* + c,x e =iy, + .y,

~y;,=e*andy, = xe*

W_|J’1 J’2|_ e* x e* _ ox
= , | = =
Yi Y2 e* xe*+ e*

_ Y2F (%) _ xe¥eX _ _ x?
ul——dex——ferx——fxdx——?

eXeX

uZ:fylF(x)dx:f

- dx = [1ldx = x

e2x
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~PI=wuy; +uzy,

2 2

X X
=——e¥ + x%e* ==¢*
2 2

Complete solutionis: y = C.F.+P.I
x2
=y =(c+cx)e” +—e”

2
Example 34 Solve the differential equation: % + 4y = xsin2x

using method of variation of parameters.

Solution: = (D? + 4)y = x sin 2x
Auxiliary equation is: (m? +4) =0

=> m= =12

C.F.= c;cos2x + ¢, sin 2x = ¢1y; + ¢, )5

- y; = cos 2x and y, = sin 2x

_ | Y1 Y2 _| cos2x sin2x | _
W= |}’1' V2 |_ |—251n2x 2c052x| =2
u1=—f%mdx=—%fxsin22x dx = —ifx(l—cosllx)dx

S CIEO REIE S]]

x? x sin4x _ cos 4x]

=[-=+ +
8 16 64

u, = [2ED gy = 2 [ xsin2x cos 2x dx = = [ xsin4x dx
w 2 4

2 (-2 - o (-222)|

X COS4Xx sin4x
=[5
16 64

~PI=wuyy; +uzy,

X sin4x 4 Ccos 4x

x2
= cos 2x [— —+
8 16 64

] + sin 2x

X COS4x sin 4x]

+
16 64
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= 1% (sin4x cos 2x — cos 4x sin 2x) + 61—4 (cos 4x cos 2x + sin 4x sin 2x)

x2 x . 1 x2
——co0s2x =—sin2x +—cos2x ——cos 2x
8 16 64 8

Complete solutionis: y = C.F.+P.I

= y = ¢ €0S 2X + ¢, Sin 2x +%sin 2x +61—4cos 2x —%cos 2x
Example 35 Solve the differential equation: (D2 — D — 2)y = e(¢*+3%)
using method of variation of parameters.

Solution: Auxiliary equation is: (m? —m —2) =0

> m=-12

CF.= cie™ +c,e? =1y, + 6.y,

~y;=e Yandy, = e**

_ V1 Y2 | e7™* e2x _ 3p¥
== I | = —x | = e
yi V2 —e 2e
y,F (%) e2% g (eX+3x) e2xge¥ g3x
= [ET = - [ e - [

=—§f e* e dx , Putting e* =t = e*dx = tdt

wy = =1 [ etde = =2 [()(e) - B + (61 - ()]

X
ee
> u, = —7[63" — 3e?* + 6e* — 6]
X X X
y1F(x) e~ Xe(e7+3x) e~ Xegl" g3x 1 x . eX e®
u, = dx = | ————dx = | ———dx = | e*e® dx = —
2 f w f 3e* f 3e* 3f 3
~Pl=uy; + uyy,
eexe—x eexezx

[e3¥ — 3e?* + 6e* — 6] +

3 3

= %[36’6 — 6+ 6e7]

Complete solutionis: y = C.F.+P.I
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ex
Sy=cge*+c e+ e? [3e* — 6 + 6e7¥]

Example 36 Given that .. y; = x and y, = % are two linearly independent

: : : . d2 d
solutions of the differential equation: x? d—XZ +x d—z -y =x,x*0

Find the particular integral and general solution using method of variation of
parameters.
d’y | 1dy 1 1

Solution: Rewriting the equation as: T =ZY =

Given that . y; = xand y, = i

~CF.= iy, + 3y, = c1x + %2

| y2|_x x
y2' 1

Ty, 1 x
-
y2F () 11x g, -1l -1
u, =—[==d —.—.~dx= - [-dx = logx
y1F(x) 1 x x?
z—f 1W d ——fx.;.;dx=—:

Complete solutionis: y = C.F.+P.I
_ f2 X _x
=>y—clx+x+210gx ”

2
Example 37 Solve the differential equation: x? STZ —4x j—i + 6y = x%logx

using method of variation of parameters.
Solution: This is a Cauchy’s linear equation with variable coefficients.
Putting x = et .~ logx =t

W _ 29%y _ _
= x— =Dy, x == D(D — 1)y
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-~ Given differential equation may be rewritten as
(D(D—1) —4D + 6)y = te?t
= (D? = 5D + 6)y = te?t
Auxiliary equation is: (m —2)(m—3) =0
> m=23
CF.= ¢e? + ce3t =1y, + 6.,

“wy, =eXandy, = e

W_|J’1 Yz|_| e?t e3t|_est
yvi'oy! 202t 3edt
_ Y2 F(t) _ e3tte2t _ _ t2
ul——det——det— —Jtdt = —=
ezttezt

wy = [P 8 de = [T dt = [te~tdt = [(t)(—e™") — (1)(e™)]

-t _ -t

= —te e

~PI=wuyy; +uzy,

= —Lert _pert g2t — 2 (§+ t+ 1)
Complete solutionis: y = C.F.+P.I
2
=y =ce?t +ce3t —e? (%+ t+ 1)

2
ory=clx2+c2x3—xz(@+logx+1)

2
=y =c3x? + ¢y x3 —x?(logx)2 —x%logx,c3=¢;, — 1

11.6 Solving Simultaneous Linear Differential Equations

Linear differential equations having two or more dependent variables with
single independent variable are called simultaneous differential equations and
can be of two types:
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Type 1: f1(D)x + f,(D)y = F(t), g,(D)x + g(D)y = G(t),D = —

d
dt

Consider a system of ordinary differential equations in two dependent variables
x and y and an independent variable t:

fiD)x + f,(D)y =F(t), g:(D)x + gD)y =G(t),D = %

Given system can be solved as follows:

1.
2.
3.
4,

Example 38 Solve the system of equations: % +y =et, Y_x=e

Eliminate y from the given system of equations resulting a differential
equation exclusively in x.

Solve the differential equation in x by usual methods to obtain x as a
function of ¢t .

Substitute value of x and its derivatives in one of the simultaneous
equations to get an equation in y.

Solve for y by usual methods to obtain its value as a function of t.

t -t

dt

Solution: Rewriting given system of differential equations as:

Dy—x=et....Q, D= %
Multiplying D by D

= D?x+Dy=et....0
Subtracting @ from (3, we get
D+ Dx=et—e ... @

which is a linear differential equation in x with constant coefficients.

To solve @ for x, Auxiliary equationis m? +1 =0

=>m=+i

CF.= c;cost+c,sint

__1 —__1 t -ty —_t t_ _1 -t
P.L f(D) F(®) D2+1 (e e™) D2+1 € D2+1 €
= %e — %e‘t, Putting D = 1 and D = —1 in 1* and 2™ terms respectively
oy — : 1e_ 1 —¢
nX=cpcosttcpsint+oet — —emh ®
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Using ®in ©® = D [cl cost + cysint +%et - %e‘t] +y=e¢et
:[—clslnt+czcost+ et + = ‘t]+y—e
:yzclsint—czcost+%et—ge‘t ...... ®
® and ® give the required solution.

dy 0

Example 39 Solve the system of equations: t% +y =0, X =

given that x(1) =1, y(—1) =0

Solution: Given system of equations is:

gt

td—jt/+x= O,
Multiplying D by ¢ -

t=(t 2= +y) =0

=>1:2dz +tZ+t2=0 .0

Subtractmg @ from @, we get

zd2

which is Cauchy’s linear differential equation in x with variable coefficients.
Putting t = e -~ logt =k

= tZ=pr, 2L =pD-Dx ,D=%
~ @ may be rewritten as
DOO-D+D—-1Dx=0 ...... ®

> D?-1x=0

To solve ® for x, Auxiliary equationism? —1 =0
>m==1

CF.= cief + c,e™ = ¢t +CTZ
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.°-x=clt+c?2 ....... ®

Using ®in O = t%(clt+%2)+y= 0

:clt—c—:+y=0

=>y=—clt+%2 ........ @

Also giventhatat t =1,x =1andat t=—-1,y =0
Usingin ®@and @ ¢; +c, =1, ¢;—¢c, =0 = ¢, =c, =%

Using ¢, = ¢, = é in ®and @), we get

e=3(e+) =369

Example 40 Solve the system of equations:

d?x . d2y
— =sint, —+x = cost
dt2? Ty > de2? +

Solution: Rewriting given system of differential equations as:

D*x +y =sint......D

D%y + x = cost ....D, D=2
Multiplying D by D2

D?*(D?x + y) = D?%sint

= D*x + D?y = —sint ....0
Subtracting @ from (@), we get

(D* — 1)x = —sint — cost ....... @

which is a linear differential equation in x with constant coefficients.
To solve @ for x, Auxiliary equationism* —1=0
>m?—-1)(mM?>+1)=0

=>m=+1,+i

CF.=ciet + c,e™t +(cscost + ¢y sint)

PL=— F(t) = —

) P (—sint —cost) = — i sint — ——cost
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Putting D2 = —1 i.e. D* = 1 in 1* and 2™ terms, it is a case of failure
~ PIL = —t%sint - t%cost
4D 4D
= lsint+ S2cost putting D? = —1
4D 4D
= —Lcost+ isint
4 4
— t —t : e
~x = (ciet +ce™") +(c3cost + cysint) +Z(51n t —cost)....... ®
Using ®in @

= D? [clet + c,e”t + (cgcost + ¢y sint) +£(sin t — cos t)] +y =sint

t 1
=D [clet —c,e t —c3ysint + ¢, cost +Z(cost + sin t) +Z(sint — cos t)]
+y =sint
: t : 1 :
= [clet + et —c3cost—c,sint +Z(_ sint + cost) +Z(cost + sin t)

1
+Z(cost+sint)]+y=sint

>y =—(cet +ce ")+ (cgcost+cysint) + G + %) (sint —cost) ...®

(® and ® give the required solution.

Type II: Symmetric simultaneous equations of the form %x = % = %
. . . . . dx dy dz
Simultaneous differential equations in the form i be solved

by the method of grouping or the method of multipliers or both to get two
independent solutions: u =c¢;,v=c,; where ¢; and c, are arbitrary
constants.

Method of grouping: In this method, we consider a pair of fractions at a time

which can be solved for an independent solution.

Method of multipliers: In this method, we multiply each fraction by suitable

multipliers (not necessarily constants) such that denominator becomes zero.
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.. dx d dz adx+bdy+cdz
If a, b, c are multipliers, then — = Do LEETRyresE
4 Q R aP+bQ+cR

Example 41 Solve the set of simultaneous equations:

dx dy dz

@—2yz-y) Gz | (-7
Taking x,y,z as multipliers, each fraction equals

xdx+ydy+zdz _ xdx+ydy+zdz

(xz2—-2xyz—xy%+ xy2+xyZ+xyZ—X22) 0

= xdx +ydy+zdz=0

2 2 2
Integrating, we get x? + y; + Z; =c'y

1* independent solution is: u = x% + y? + z%2 = ¢;...... @
Now for 2™ independent solution, taking last two members of the set of

dy _  dz
x(y+z)  x(y-2)

equations:

= (y—2z)dy =(y +2)dz
= ydy — (zdy + ydz) — zdz =0
= ydy —d(yz) — zdz =0

Integrating, we get

2 2

y Z ’

——yz—=—=c¢

2 Y 2 2

= v=y?—2yz—z =c, ... @

(D and @ give the required solution.

Exercise 11B

Q1. Solve the following differential equations:
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- 2 d%y — 2
1. xdx — 3x +4y 1+x)

Ans. (y = (¢, + ¢; log x)x? +i+ 2x + %(logx)z)

il. +4x +2y—e
a2,
Ans.(y—x+ +x2)

x2
2
i, (2x +3)253 - (20 +3) 2 — 12y = 6x

JE_ 3—V§7 3 3
Ans. (y—cl(2x+3) +c,(2x+3) _E(2x+3)+2>

iv. (x+ 1)2 + (x + 1) —ty=4 cos(log(x + 1))

Ans.(y = 01 cos(log(x + 1)) + ¢, sin(log(x + 1)) + 2log(x +
1.sinogax+1

Q2. Solve the following differential equations using method of variation of
parameters

. da’y
i +y = xsinx
dx? Y=
. 1 X . x?
Ans. (y = ¢, cosx + ¢, sinx + Scosx +2sinx —Tcosx)
ii. (D? - 1)y = e **sine™™
Ans. (y = c;e* + c,e ™ —sine™ —e* cose ™)
iii. (D? —2D)y = e*sinx
1 5 .
Ans. (y = ¢; + c,e?* — Se*sinx)
. d?y dy x
iv. — —2—=-¢e"logx
dx? dx

2
Ans: (y = ¢; + c,e?* + x:ex(Z log x — 3))
Q2. Solve the following set of simultaneous differential equations

i dx _ —0 ¥ _o,_cy=
1. m 7x+y =0, m 2x—5y=0

Ans:(x = e%(c; cost + ¢, sint),y = e®(c; — ¢;) cost + (¢; + ¢y)sint) )

ii. D+Dx+@D+y=et, D-Dx+D+1y=1
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Ans:(x = et + e +2e7ty = 3ciet + 2c,e7% + 3e7F)

dx _ dy _ dz
(22—2yz—y2)-_ (xy+zx)-_ (xy—zx)

1il.
Ans:{xy —z =c¢;, x> —y? + z% = ¢,)

11.7 Previous Years Solved Questions
Ql.Solve (D> + D +1)?(D—-2)y =0

(Q1(h),GGSIPU, December 2012)

Solution: Auxiliary equationis: (m? + m + 1)?(m —2)y =0.......

Solving D, we get

—-X
CF.= cie®* +ez2[(c; + c3%) cos?x + (¢4 + Cc5x) singx
Since F(x) = 0, solution is given by y = C.F
-x
>y = e +ez[(cy;+c3x) cosgx + (¢4 + c5x) singx

Q2. Solve (D? — 1)y = coshx cosx

(Q8(b), GGSIPU, December 2012)

Solution: Auxiliary equation is: m? —1 = 0
> m==*1
CF.= ce* + c,e™

1
PL=——F
o F@)

e*+e™X*

1 (e"+ e

== cos x) wcoshx =
D=—-1 2

e* e
(7 cos X + TCOS X)

© Dp2-1
—< cosx + e’ 1 CoS X
T2 (D+1)2-1 2 (D-1)2-1
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e* 1 e X

= — cosS x +
2 (D2+2D) 2 D2-2D

CoS X

X 1 —-X

cos x Putting D? = —1
2 2D-1 2 =2D-1

_e¥ 2D+1 e™* 2D-1
2 4D2%2-1 2 4D2-1

COS X
= —§(2D + 1) cosx +i—0_x(2D —1)cosx Putting D? = -1

X -X
= —i—o(—Zsinx+cosx) +i—0(—25inx—cosx)

~PL=2(2sinx — cosx) — — (2 sinx + cos x)
10 10
Complete solutionis: y = C.F.+P.I

- e* . e ¥ .
>y = ce*+ ce x+1—0(251nx—cosx)—T(Zsmx+cosx)

2
Q3. Solve % + 4y = 4tan 2x by the method of variation of parameters.

(Q9(a), GGSIPU, December 2012)
Solution: = (D? + 4)y = 4 tan 2x
Auxiliary equation is: (m? +4) =0
= m==2i
C.F.= c;cos2x + ¢, sin 2x = ¢1y; + ¢, ¥,

- y; = cos 2x and y, = sin 2x

_|Yr Y2 _| cos2x sin2x | _
W= v yZ’|_|—Zsin2x 2c052x|_2
F(x) 4 2,
U = _IYsz dx = —zfsm2xtan2x dx = _Zfil:sz; d
1-cos? 2x
—2 [ — 5 dx = —2 [(sec2x — cos 2x) dx

1 1.
= -2 [Eloglsec 2x + tan 2x| — ~sin Zx]
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= [sin 2x — log|sec 2x + tan 2x|]

U, =fy1;/(x)dx=§f4tan2xc052x dx = 2 [sin2x dx

= —Cos 2x
~PI=uyy; +uzy,
= cos 2x [sin 2x — log|sec 2x + tan 2x|] — sin 2x cos 2x
= — cos 2x log|sec 2x + tan 2x]|
Complete solutionis: y = C.F. +P.I

= y = ¢; €0S 2x + ¢, sin 2x — cos 2x log|sec 2x + tan 2x|
. , dx _ ¢ dy _ t
Q4. Solve the system of equations: v +x =y+e’, g +y =x+e

(Q9(b), GGSIPU, December 2012)

Solution: Rewriting given system of differential equations as:
D+x—y=et.... )

D+1)y—x=e'....0, D=—
Multiplying D by (D + 1)
=>(D+1)*x—(D+1)y=(D+1et
(D2 +2D+ Dx— (D + 1)y = 2¢%....Q
Adding @ and 3, we get

(D% + 2D)x = 3et ....... @

which is a linear differential equation in x with constant coefficients.
To solve @ for x, Auxiliary equationis m? + 2m =0
>m=0,—-2

CF.= ¢; +ce™?

1

P.L ) F(t) =3—e
= et Putting D = 1
wX=c e 4et ®
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Using ®in D = D[c; + e +et]l+ ¢+ e ?t+et —y=et

= —2c,e7 et +c+cet—y=0

(® and ® give the required solution.

3x

Q5. Solve by method of variation of parametersy " — 6y ' + 9y = =

x2

(Q@8(a), GGSIPU, December 2013),(Q3(b), GGSIPU, 2"term 2014)

Solution: Auxiliary equation is: m? —6m+9 =0
(m—3)2=0

= m=3,3

CF.= (c; + c;x)e3* = ¢cie3* + c,x e3* = ¢y, + ¢y,

~y, =e3*andy, = xe3*

3x 3x
e xe
e6x

Yi Y2
W = 1 1] = =
|y1 Va2 | 3e3* 3xe3* 4 e3¥

_ Vo F(x) _ xe3Xe3%
w =— [ =de=—]

o dx = —f%dx = —logx

e3xe3x

u2=f%(x)dx=f dx=fx—12dx=—l

x2eb% X
~Pl=wuy; +uyy,
=—e3*logx — e3* = —e3*(1 + logx)
Complete solutionis: y = C.F.+P.I
=y = (¢ + cx)e3* —e3*(1 + logx)
d?y

3
Q6. Solve the differential equation: % +2 =T % = e?* + sin 2x

(Q8(b),GGSIPU, December 2013)
Solution: = (D3+ 2D? + D)y = e?* + sin 2x

Auxiliary equation is: m3+2m? +m =0

Page | 44



>mm?+2m+1)=0
=>mm+1)%=0

> m=0,-1,-1
CF.=c;+ e¥(c; + c3x)

PL=— F(x) = ——

2 =
0 Dirzorap (¢ T SIN2Y)

1 2x .
= —————sin 2x
D3+ 2D2+D D3+ 2D2+D

1 1
:_er +—

18 —4D-8+D

1 3D-8 ) 1 3D-8
=—e? - —— — __sin2x =—e?¥

18 (3D+8)(3D-98) 18 - (9D2%2-64)

sin 2x

= —e2* + — (3D — 8)sin 2x
18 100

— e2* + — (6c0s2x — 8sin2x)
18 100

Complete solutionis: y = C.F.+P.I
>y =c+ e (c; +c3x) + 1—1862" + %0(6c052x — 8sin2x)
Q7. Solve (D?—2D + 1)y = xe* cosx
(Q8(a), GGSIPU, December 2014)
Solution: Auxiliary equationis: m? —2m+1=0
= (m—1)2
>m=1,1
C.F.=(c; + cyx)e”

-1 __ . x
P.I. = F(x) = o Xe cosx

= eX L
(D+1)2-2(D+1)+1

X COS X

x 1
= e —=XCOoSXx
D2

sin 2x, putting D = 2 in 1* term, D? = —4 in the 2" term
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1
= e*—[xcosxdx

= e*=[(x)(sin x) — (1)(~ cos x)]
= ex%[xsinx + cos x]
= e*[[ xsinx dx + [ cos x dx]
= ex[[(x) (=cosx) — (1)(=sinx)] + sin x]
~PI = e*[—xcosx + 2 sin x]
Complete solutionis: y = C.F.+P.I
=y = (¢, + cyx)e* + e*[—x cosx + 2 sin x]
Q8. Solve by M.O.V.P. &y _,d +y =e*logx
dx? dx
(Q8(b),GGSIPU, December 2014)
Solution: Given differential equation may be rewritten as
(D> —2D + 1)y = e*logx
. Auxiliary equationis: m?> —2m+1 =10
= (m—1)?
>m=1,1

CF.=(c; + cx)e* = ¢y, + ¢y,
~y, =e*and y, = xe*

X xex

4! J’2|_e _ 2%
2B N e* xe*+ e¥
XXI
u1=—f%mdx=—f“:%dx= — [xlogxdx

x2
[xlogxdx =1 = [(x)(xlogx —x)— (1 (I —7)]
=+ [logxdx = xlogx — x
:21=x210gx—x2+x—22
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2

=>1=[xlogxdx = xz—zlogx—x:

x2 x

2
aUu=—— —logx
1 2 5 108

Uz = f%(x)dx = fexexlogx dx = [logxdx = xlogx —x

er

s PI= (%2 — x?zlog x) e* + (xlogx — x)xe*

2 2
=e* (x:— x?logx + x%logx —xz)

2
=x7ex(logx —2)

Complete solution is: y = C.F.+P.I

=y =(c; +cyx)e* +x—;ex(logx —g)

Q9. Solve (D —1)%(D +1)% = sin2§+ e* +x
(Q1(a),GGSIPU, December 2015)

Solution: Auxiliary equationis: (m — 1)?(m+ 1)2 =0

> m=11-1,-1

CF.= (c; + cx)e* + (c3 + cyx)e™

PL=— F(x) = (

b rein2X X
(D) D@Dz Sy H et +x)

11 1 1
=-————(1—cosx) + e* + X
2 D%-2D2+1 ( ) D*-2D2+1 D*-2D2+1
11 ox 1 1 1 x 1
Gy E—— —————cosSX+—e* + ——x
2 D*-2D2+1 2 D%-2D2+1 D*-2D2+1 D*-2D2+1
1 1 1 .
Now-———— % == putting D = 0
2 D*-2D2+1 2’ p g
1 1 1 .
Also =————cos x = =cos x putting D? = —1
2D%-2D2+1 8
) 1 1 . .
Again ———e* = x e* as f(1) = 0, a case of failure 2 times
D%-2D2+1 4D3-4D
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2

— 42 1 x _ X x

X e =—
12D%-4 8

e*, puttingD =1

1 1
X =
D4-2D2+1 1+(D*-2D2)

And x=[14+(D*-2D3)]x =x

1 1 x2
~Pl==—=cosx+=¢e*+x
2 8 8

Complete solutionis: y = C.F.+P.I

2
>y = (¢ +cx)e* + (c3 +cyx)e™ —écosx+% e* +x+%

Q.10 Solve x? d 4x +6y = x*sinx

(Q3(b),GGSIPU, December 2015)
Solution: This is a Cauchy’s linear equation with variable coefficients.

Putting x = et .~ logx =t

. Equation may be rewritten as
(D(D—1)—4D + 6)y = e*'sine’

= (D? = 5D + 6)y = e*'sine’, E%

Auxiliary equation is: m?> —5m+6 =0
>m-2)(m-3)=0
> m=23
CF.= cje? + c e’
=c1x% + ¢,x3

PL=— F(x) = e*tsinet

f(D) D2-5D+6

1 .
= et sin et
(D+4)%2-5(D+4)+6

1 . 1 .
= e#t sinet = e* ————sine!
D2+3D+2 (D+1)(D+2)
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) 1 1
] sin et= e*t [— sin et —
(D+1) (D+2)

—ett |1 _
€ [(D+1) (D+2)
=e*[et [elsinet dt — e % [ e?sinet dt]

w——F(t) = e™ [ e F(¢)dt

" (D+a)

= e*[e"t(—coset) — e 2 (—et coset + sinet]

sin et]

Solving the two integrals by putting e’ = u, .. etdt = du

~ P.I=—e%* sinet=—x%sinx
Complete solutionis: y = C.F.+P.I

=y = x% + cx3 — x?sinx
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